
1.  Introduction
Ultra-low frequency (ULF; ∼1 mHz-1 Hz) waves (Jacobs et  al., 1964) play a central role in magnetospheric 
dynamics, affecting, for example, radiation belt particles (Claudepierre et al., 2013; Degeling et al., 2007; El-
kington et al., 1999, 2003; Foster et al., 2015; Hao et al., 2019; Mann et al., 2013; Q. G. Zong et al., 2009), field-
aligned currents (Milan et al., 2001; Rankin et al., 2005), and energization/de-energization of the ring current 
(Li et al., 2021; Liu et al., 2020; Murphy et al., 2014; Oimatsu et al., 2018; Yang et al., 2011). The temporal and 
spatial variation of these low frequency waves are dependent on many factors, however can be primarily sum-
marized as varying with the driver (solar wind conditions) and magnetospheric structure (magnetic field config-
uration, plasma density, location of magnetopause/plasmapause). Given that during geomagnetic storms all of 
these features are highly dynamic, it is of little surprise that storm-time ULF waves also vary substantially, which 
is the topic of this study. This introduction will first offer a brief summary of the important ULF wave theory to 
appreciate the research in question, followed by highlighting relevant observations of ULF waves during storms, 
before outlining the proposed objectives of this study.

Abstract  Previous observational studies have shown that the natural Alfvén frequencies of geomagnetic 
field lines vary significantly over the course of a geomagnetic storm, decreasing by up to 50% from their 
quiet time values outside the plasmasphere. This was recently demonstrated statistically using ground 
magnetometer observations across 132 geomagnetic storm events (Wharton et al., 2020). This then brings 
into question where field line resonances (FLRs) will form in storm-time conditions relative to quiet times. 
With storm-time radiation belt dynamics depending heavily upon wave-particle interactions, understanding 
how FLR locations change over the course of a storm will have important implications for this area. Using 3D 
magnetohydrodynamic (MHD) simulations, we investigate how changes in the Alfvén frequency continuum of 
the Earth's dayside magnetosphere over the course of a geomagnetic storm affect the fast-Alfvén wave coupling. 
By setting the model Alfvén frequencies consistent with the observations, and permitting a modest change in 
the plasmapause/magnetopause locations consistent with storm-time behavior, we show that FLR locations 
can change substantially during storms. The combined effects of higher fast waveguide frequencies and 
lower Alfvén frequencies during storm main phases, act together to move the FLR locations radially inwards 
compared to quiet times. FLRs outside of the plasmasphere are moved radially inward by 1.7 Earth radii for the 
cases considered.

Plain Language Summary  Geomagnetic storms are the most energetic events in our Earth's near 
space environment, causing huge morphological changes over timescales from a few hours to several days. This 
study considers how such changes affect the propagation of low frequency electromagnetic waves in the space 
around the Earth dominated by Earth's magnetic field (the magnetosphere). It is important to understand how 
these waves may vary during geomagnetic storms, due to their interaction with energetic particles which can be 
hazardous to orbiting spacecraft. Furthermore, from a general physics standpoint, it is of interest to understand 
how energy is transported throughout the system by such waves. Overall we find that, between the initial and 
main phases of a storm, there are significant changes in the locations where a particular class of low frequency 
waves will manifest. The simple broad conclusion from this paper is that storms change the morphology of 
Earth's magnetosphere, which then significantly changes the properties of the waves in the system.
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1.1.  ULF Wave Theory

The cold plasma of the dayside outer magnetosphere supports two fundamental low frequency modes of os-
cillation, which can be described by the framework of magnetohydrodynamics (MHD). First there exists the 
fast MHD wave, which propagates in all directions and compresses/rarefies the plasma (Dungey, 1955; Herlof-
son, 1950). Second is the Alfvén wave, a transverse wave which propagates strictly along the background field 
(Alfvén, 1942; Dungey, 1955). In the magnetosphere, the fast modes can manifest as cavity (Kivelson & South-
wood, 1986) or waveguide (Samson et al., 1992) modes, whereby fast waves propagate between boundaries in 
the magnetosphere (e.g., plasmapause/magnetopause or turning point) to form radially standing modes. Beyond 
the turning point, these radially standing waves have an evanescent radial structure. The difference between the 
cavity and waveguide nomenclature arises from considering a closed magnetosphere (cavity), which only permits 
a discrete azimuthal normal mode structuring, or an open ended magnetosphere (waveguide, i.e., with flow into 
the magnetotail), which allows for a continuous spectrum of azimuthal wavenumbers (Southwood, 1968, 1974; 
Mann et al., 1999).

Alfvén waves manifest most prominently in the magnetosphere as field line resonances (FLRs; Chen & Haseg-
awa, 1974; Southwood, 1974). These are Alfvén waves standing along geomagnetic field lines that have been 
driven at their natural frequency by a fast mode as described above. The Alfvén frequency of a field line depends 
upon the length of the field line, the magnetic field strength and structure, the plasma density along the field line 
and the wave polarisation (Radoski, 1967; Singer et al., 1981). At the radial location where the global fast mode 
frequency matches the local Alfvén frequency, the modes couple, with energy being transferred from the fast to 
Alfvén wave, resulting in a resonant growth of the Alfvénic perturbation (Allan et al., 1986, 1985; Inhester, 1987; 
D.-H. Lee & Lysak, 1989; Kivelson & Southwood, 1985; Kivelson & Southwood, 1986; Wright, 1994). These 
waves have a rich history in theory and observation, being invoked as the explanation for a myriad of ULF 
wave observations both on the ground (e.g., Samson et al., 1971) and in space (e.g., Hartinger et al., 2011; Rae 
et al., 2005).

ULF waves have many sources, typically classified by the origin of the driver being external or internal to the 
magnetosphere. Externally, broadband fluctuations in the solar wind dynamic pressure drive significant ULF 
wave activity, either by continuous buffeting of the magnetopause or step-like pressure changes associated with 
interplanetary shocks (e.g., Chi et al., 2006; Takahashi & Ukhorskiy, 2007). The often Kelvin-Helmholtz unsta-
ble flank magnetopause can further be a source of fast waves, exciting surface modes of the magnetopause with 
a radially evanescent structure (Southwood,  1968,  1974). Enhanced flow speeds in the flank magnetosheath 
can also lead to the efficient excitation of waveguide modes (Mann et al., 1999). More recently, transient phe-
nomena originating from the foreshock have been shown to drive a plethora of ULF waves [Shen et al., 2018; 
Wang et al., 2018, 2021; see also Section 2.3 of the review by Q. Zong et al.  (2017) and references therein]. 
Internal driving mechanisms usually involve wave-particle interactions, whereby energetic particles resonantly 
interact with ULF waves, most notably through the drift and drift-bounce resonance mechanisms (Southwood 
et al., 1969; Southwood & Kivelson, 1981, 1982).

1.2.  ULF Waves During Geomagnetic Storms

Geomagnetic storms represent an energization of the entire magnetospheric system, caused by long periods of 
strong solar wind driving, in particular when a southward interplanetary magnetic field (IMF) permits efficient 
reconnection at the dayside magnetopause (Akasofu et al., 1963; Dungey, 1961; Gonzalez et al., 1994). Storms 
usually contain three distinct phases: initial, main, and recovery (e.g., Hutchinson et al., 2011), which can be 
tracked by the effect of the enhanced storm time ring current on the low latitude magnetic field strength, through 
the Dst or Sym-H indices (e.g., Iyemori,  1990). In the initial phase, increased solar wind dynamic pressure 
compresses the dayside magnetosphere. When the rate of dayside reconnection is high, this triggers the main 
phase, inputting vast amounts of energy into the magnetosphere (Kozyra et al., 1998). This is accompanied by 
an enhancement of the ring current, which is tracked by a dramatic decrease in Sym-H, due to the depression of 
the low latitude magnetic field strength. The system then slowly returns to pre-storm conditions in the recovery 
phase, marked by an increasing Sym-H. The timescales for each phase are highly variable, dependent on the 
storm driving mechanism and strength of the storm [as noted by e.g., Murphy et al.  (2018)]. However, as an 
average for moderate conditions, Hutchinson et al. (2011) found durations of ∼6, ∼9, and ∼54 hr for the initial, 
main and recovery phases.
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Over the duration of a storm, the Alfvén eigenfrequencies for dayside field lines outside the plasmasphere have 
been shown to decrease significantly. This has been noted by many authors using empirical magnetic field and 
density models parameterized by Dst index (Sandhu et al., 2017; Wild et al., 2005), and statistically using 10 years 
of IMAGE ground magnetometer data binned by Sym-H index (Wharton, Wright, Yeoman, James, et al., 2019; 
Wharton, Wright, Yeoman, & Reimer, 2019). Furthermore on a case study basis, investigating the Halloween 
storm of October 2003, several authors reported such decreases in the eigenfrequencies (Chi et al., 2005; Kale 
et al., 2009; Takasaki et al., 2006). Similar trends in the eigenfrequencies have been recorded for other events 
(e.g., Takahashi et al., 2002; E. A. Lee et al., 2007; Rae et al., 2019).

Changes in the eigenfrequencies must be caused by changes in the magnetic field strength/structure and/or the 
plasma mass density. This opens a complex discussion on the various importance of these competing effects, 
which have significant temporal and spatial dependence during storms. For example, Rae et al.  (2019) found 
that the enhanced storm time ring current caused significant enough depressions in the magnetic field strength 
to decrease the eigenfrequencies outside of L = 3.4. Sandhu et al. (2018) considered how the eigenfrequencies 
of the outer magnetosphere (5.9 < L < 9.5) vary for low Dst index. Sandhu et al. (2018) found that despite their 
empirical density model (Sandhu et al., 2017) showing a decrease in plasma mass density (which would increase 
frequencies), the eigenfrequencies decreased due to a decrease in the magnetic field strength. This is aided by the 
fact that the Alfvén speed varies proportional to the magnetic field strength, but only the square root of the den-
sity (e.g., Corpo et al., 2019; Dent et al., 2006; Menk et al., 2014; Takahashi et al., 2002; Takahashi et al., 2006). 
Storm time cold plasma dynamics, in particular the influence of heavy ions on the radial mass density (and hence 
Alfvén velocity/frequency) profile, have been the focus of many studies. Fraser et al. (2005) showed that the pres-
ence of heavy ions, in particular the formation of the oxygen torus (Gkioulidou et al., 2019; Roberts et al., 1987) 
outside of the storm-time contracted plasmapause can lead to a significant increase in the mass density. Similar 
results are also shown by Menk et al. (2014). Furthermore, ULF waves have been shown to interact with and 
modulate the outflow of dayside ionospheric heavy ions such as O+ (Liu et al., 2019). The picture is further com-
plicated by the fact that the refilling of the plasmasphere after heightened periods of geomagnetic activity is by 
no means a steady process, and indeed has significant local time variation (Dent et al., 2006). As such it should 
be highlighted that in this study, we will be considering the behavior of FLRs in the plasmatrough, removing the 
difficulty of accounting for the substantial variability of the near plasmapause storm time dynamics.

1.3.  Study of Wharton et al., 2020

To understand the behavior of the Alfvén eigenfrequencies during storm intervals, rather than simply during 
intervals parameterized through Dst, Wharton et  al.  (2020) studied a catalog of 132 storms (Walach & Gro-
cott, 2019) in order to separate out the competing effects of varying magnetic field strengths and plasma mass 
densities. Using a cross-phase analysis (Baranskii et  al.,  1985; Waters et  al.,  1991; Wharton et  al.,  2018) of 
ground magnetometer observations, together with a superposed multiple-epoch method for comparison of each 
storm (Hutchinson et al., 2011), the eigenfrequency variation with L-shell (over 3.15 ≤ L ≤ 6.42) and MLT for 
each phase of a geomagnetic storm was analyzed. When combined with an empirical field model (Tsyganenko 
& Sitnov, 2005), this frequency variation could be used to infer the plasma mass density by solving the Alfvén 
wave equation (Singer et al., 1981). Through such analysis, the authors concluded that the fundamental Alfvén 
frequency decreased across all dayside MLT sectors for L > 4 during storm main phase. This was caused by a 
weakening of the magnetic field strength together with an increased plasma mass density. The trend for L < 4 
was substantially different, with an overall increase in the eigenfrequency from initial to main phase. This was 
attributed to a decrease in the plasma mass density at a given L, based on plasmaspheric erosion, such that a field 
line originally within the plasmasphere lie outside by the main phase. Again, we emphasize that the results in 
the present study will be based on the plasmatrough eigenfrequency profiles, on average outside of L = 4 for the 
storm catalog of Wharton et al. (2020).

1.4.  Goals of This Study

This paper is based on modeling the observations of Wharton et  al.  (2020) to understand how the changing 
Alfvén continuum over the course of a geomagnetic storm affects the fast-Alfvén wave coupling of the dayside 
magnetosphere. In particular, we test the hypothesis that during geomagnetic storms, outside of the plasmasphere 
FLRs form further Earthward. To this end, we will consider comparative MHD simulations of the initial and 
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main phase equilibria to examine where FLRs form in each case. This will involve a detailed study of the fast 
waveguide modes responsible for driving the FLRs. Furthermore, we will analyze the effect of boundary motion 
(plasmapause/magnetopause) over the course of a storm on the wave coupling.

The paper is structured as follows: Section 2 introduces the observations of Wharton et al. (2020), expanding 
upon the analysis in that paper to provide the variation of Alfvén eigenfrequencies with L-shell and MLT over 
the course of a geomagnetic storm. Section 3 explains the numerical model used for the simulations, with results 
presented in Section 4. Discussion and conclusions follow in Sections 5 and 6 respectively.

2.  Observations
The modeling work presented here was motivated by the observational study of Wharton et al.  (2020), and a 
brief summary of the data analysis employed there is given below. Wharton et al. (2020) used the north–south 
component of 10-s resolution magnetometer data from the International Monitor for Auroral and Geomagnetic 
Effects (IMAGE) array (Lühr, 1994) to investigate how the eigenfrequencies of magnetic field lines changed 
during geomagnetic storms. The eigenfrequencies were determined using the cross-phase technique of Waters 
et al. (1991), which requires two latitudinally and closely spaced ground-based magnetometers. Two are required 
to detect the phase change with latitude that occurs at the resonant frequency of the midpoint of the magnetome-
ters. Several papers have automated this technique (e.g., Wharton et al., 2018; Wharton, Wright, Yeoman, James, 
et al., 2019; Wharton, Wright, Yeoman, & Reimer, 2019). Wharton et al. (2020) employed six such magnetometer 
pairs covering a range of L shells from 3.15 to 6.42. The phase changes were calculated using a Lomb-Scargle 
(LS) cross-phase technique previously employed by Wharton, Wright, Yeoman, James, et al., 2019; Wharton, 
Wright, Yeoman, & Reimer, 2019 that could process unevenly spaced data and use a higher frequency resolution 
because the frequency grid is independent of the properties of the data used. The chosen frequency resolution 
was 4 times that achievable with a discrete Fourier transform. The dynamic cross-phase spectrum uses a 40-min 
sliding window and provides a frequency resolution of 0.104 mHz.

The superposed multiple-epoch analysis method used by Hutchinson et al. (2011) was then applied to the de-
rived cross-phase spectra. This method treats the three phases of geomagnetic storms separately by calculating 
the mean duration of each of the three storm phases (initial, main, and recovery). A superposed epoch analysis 
was then applied to each storm phase, elongating or contracting each phase in time as appropriate. This created 
a common time grid to which the three phases of each storm were normalized to in order to observe the general 
trends in each of the three storm phases, independent of their duration.

These techniques were applied to a set of storm intervals between 2002 and 2018 (in order to examine at least one 
solar cycle of observations) characterized using the method described in Walach and Grocott (2019) to identify 
the start and end time of the storm initial, main, and recovery phases. This process yielded a list of 132 storm 
intervals for analysis.

Wharton et al. (2020) extracted the fundamental eigenfrequency of the geomagnetic field lines from the cross-
phase measurements, following the techniques used by Berube et al. (2003) and Wharton et al. (2018). The plas-
ma mass density implied by the eigenfrequency measurement was then determined by solving the MHD wave 
equation of Singer et al. (1981). The magnetic field in this solution was represented by the model of Tsyganenko 
and Sitnov (2005), parameterized by Sym-H index, solar wind dynamic pressure and velocity, IMF y and z com-
ponents, and the dipole tilt angle. These values were calculated using an identical superposed multiple-epoch 
analysis method as applied to the cross phase measurements. The distribution of plasma mass density along the 
field line was assumed to be a power law of r−3 (e.g., Menk et al., 1999), where r is the radial position along the 
field line, with the plasma mass density then characterized by the inferred equatorial density.

In Wharton et al. (2020), the process of estimating the equatorial mass density described above was repeated 
for each of the six station pairs for three MLT sectors, 6–10, 10–14, and 14–18 MLT, providing a radial profile 
of equatorial plasma mass density in three local time sectors (Figure 8 of Wharton et al., 2020). Figure 1 shows 
radial profiles of the Alfvén eigenfrequencies corresponding to these plasma mass densities. The bottom panel 
shows the superposed multiple-epoch analysis of the Sym-H data taken from Wharton et al. (2020). In this panel, 
the dashed black line shows the mean Sym-H value from the superposed epoch calculation, with the yellow solid 
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Figure 1.
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line, showing the corresponding median value, and the solid blue lines, showing the upper and lower quartiles. 
The Sym-H values associated with the individual storm events are also included, with the initial phase shown 
in red, the main phase in blue, and the recovery phase in green. The upper panels show the radial profiles of the 
median Alfvén eigenfrequency at different phases of a geomagnetic storm. Each column represents data from the 
6–10, 10–14, and 14–18 MLT sectors from left to right. Each row shows the magnetospheric state at five inter-
vals during the average geomagnetic storm, marked (a) to (e) on the Sym-H index plot at the bottom. Blue solid 
lines show the eigenfrequencies at that interval of the storm, and red dashed lines show the previous interval for 
comparison. Comparing the MLT columns in Figure 1, a significant local time asymmetry in the eigenfrequency 
profiles is apparent throughout storms, with higher eigenfrequencies observed on the dawn side compared to 
the dusk side. Comparing the storm-phase rows in Figure 1 reveals that for all MLT sectors, the eigenfrequency 
profiles decrease in value from Figures 1a–1c and then increase again from Figures 1c–1e. The main phase of 
the storms is characterized by a minimum in eigenfrequency at all local times. The variation in eigenfrequency 
profile in the 6–10 MLT sector (left hand column) between the initial phase of the storm (row a) and the main 
phase of the storm (row c) will form the focus of the modeling study described below (the reasons for which are 
given at the beginning of Section 4).

3.  3D Numerical Dipole MHD Model
3.1.  Model Details

In this study, we utilize the linear, MHD numerical model described fully by Wright and Elsden (2020), with only 
the key properties discussed here. This model solves the linear, low-β, resistive MHD equations in a background 
3D dipole magnetic field. It uses a field-aligned orthogonal coordinate system (α, β, γ), where α labels L-shells, 
β is the azimuthal direction, and γ is the field-aligned direction. The computational grid spacing is optimized 
to allow for more uniform coverage along a field line as often plagues models using dipole coordinate systems 
(Kageyama et al., 2006). This actually enables fewer points to be required along a field line and permits unprece-
dented resolution perpendicular to the field. This is a very desirable quality for studying FLRs, where small scales 
develop perpendicular to field lines through phase mixing (Mann et al., 1995). Indeed, such FLR resolution is a 
key requirement for this study, which could not be achieved with other global magnetospheric MHD codes. For 
example, the simulations performed in this study have a radial resolution in the equatorial plane of 0.05 RE at all 
L-shells.

The magnetopause acts as the simulation outer boundary and can be set to any location, that is, it does not need 
to coincide with a coordinate surface. Therefore, we use the Shue magnetopause model (Shue et al., 1997) to 
define this boundary. The inner boundary would usually be indicative of the plasmapause location. This bound-
ary is simply perfectly reflecting and can be placed at any L-shell. The upper ends of the field lines are modeled 
also with a perfectly reflecting condition, indicative of a perfectly conducting ionosphere. The location of the 
upper boundaries can be varied to any point along a particular reference field line (see Figure 1d of Wright and 
Elsden, 2020). We solve only over the northern hemisphere, with a symmetry condition present at the equator, 
which halves the simulation domain for numerical efficiency. The simulations assume an antinode of the velocity 
at the equator (node of perpendicular magnetic field), which yields only the odd field-aligned harmonics. We 
could choose to include even harmonics as well, though this would require the solution over both hemispheres 
and would not impact the overall conclusions from this study.

Dissipation is included throughout the domain in the form of resistivity, which will act to limit the scale length 
that FLRs will phase-mix down to, allowing the smallest scales appearing to be adequately resolved. The details 
of the form of the resistivity and numerical considerations for this are provided in Section 3.4 of Wright and 
Elsden (2020). Given the axisymmetric dipole field which does not well represent the distorted tail field, the 
model is not suited for studying nightside phenomena. Therefore, we simulate propagation and loss to the tail 

Figure 1.  Variation in Alfvén eigenfrequencies corresponding to plasma densities calculate by Wharton et al. (2020). The bottom panel shows the superposed multiple-
epoch analysis of the Sym-H data from Wharton et al. (2020). The dashed black line shows the mean Sym-H value, the solid yellow line shows the median, and the solid 
blue lines show the upper and lower quartiles, with the initial phase individual Sym-H values shown in red, the main phase in blue, and the recovery phase in green. The 
upper panels show the median radial Alfvén eigenfrequency profiles at different phases of a geomagnetic storm. Each column represents data from the 6–10, 10–14, and 
14–18 MLT sectors from left to right. Each row shows the magnetospheric state at five intervals during the average geomagnetic storm, marked on the Sym-H index plot 
at the bottom. Blue solid lines show the eigenfrequencies at that interval of the storm, and red dashed lines show the previous interval for comparison.
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by introducing a dissipative region beyond a certain X value (here, we use X = −6 RE, where X is the Earth-Sun 
line). In this region, a linear drag term is added to the equation of motion which acts to reduce wave amplitudes 
before reaching the true far simulation boundary, such that they never return to the solution region of interest. The 
use of such a model is further justified in the current study by only having eigenfrequency data from the study of 
Wharton et al. (2020) for the dayside magnetosphere.

The code has been thoroughly tested, with energy conservation satisfied to one part in 104 for a typical run. The 
timestep is uniform across the simulation and is chosen to satisfy the minimum of that required by the Cou-
rant–Friedrichs–Lewy (CFL) condition (de Moura & Kubrusly, 2013) and the diffusive timescale imposed by 
resistivity. The simulation is run in dimensionless units and as such an appropriate normalization is required to 
make the results meaningful. All results will be presented here in physical units; however, the normalizing values 
used are listed for completeness and replicability of the results. Values are normalised by: magnetic field strength 
B0 = 200 nT; length L0 = 1RE = 6371 km; time T0 = 7.543 s; velocity V0 = 844.62 kms−1; frequency 132.568 mHz; 
density ρ0 = 26.871 amu cm−3; and current density j0 = 0.024 98 μAm−2. The values of other model parameters, 
again listed to aid with the future reproduction of results are: grid size in (α, β, γ) of 300 × 450 × 50; grid spacing 
along the field uses sl = 8.0, su = 12.0, σ = 3.0, rg = 11.5 (see Wright and Elsden (2020); Equations 20 and 21 for 
full details of these terms); resistivity η = 0.001.

3.2.  Model Setup—Inputting Observed Frequencies

To model the observed ULF waves during storms, the key parameter to be fixed is the observed wave frequency. 
Given that the model has a fixed background magnetic field structure, the frequency is varied on a particular field 
line by changing the density. We can therefore input the observed radial frequency profiles at a particular MLT 
into the model in the following way:

1.	 �Fit a smooth, continuous function to the observed frequencies in Figure 1, fA(L)obs
2.	 �Calculate the model Alfvén eigenfrequencies as a function of L-shell, for the desired model geometry (i.e., 

field line lengths). We choose a density variation along the field according to

𝜌𝜌 = 𝜌𝜌𝑒𝑒𝑒𝑒

(

𝑟𝑟𝑒𝑒𝑒𝑒

𝑟𝑟

)4

,� (1)

�and the equatorial Alfvén speed is set to 1 (in normalised units). The Alfvén frequencies are calculated by 
solving the undriven Alfvén wave equation of Singer et al. (1981) for the 3D dipole geometry. The Alfvén 
wave polarisation is assumed to be toroidal, consistent with the observational analysis of the North-South 
ground magnetic field component. This yields the model Alfvén frequency fA(L)model, as a function of L-shell.

3.	 �The model Alfvén speed can now be adjusted such that the model frequencies match the observed frequencies, 
by setting VA(L)model = fA(L)obs/fA(L)model, together with the appropriate normalization. This can perhaps more 
easily be pictured as first setting the Alfvén speed as VA(L) = 1/fA(L)model to “flatten” the model frequencies, 
such that the frequency is constant in L. This is then multiplied by the observed frequency profile, fA(L)obs

The method outlined above has been previously used to successfully input observed frequencies into a similar 
MHD model (Wright et al., 2018). Setting the model frequencies in this way will by default imply that the model 
densities do not match exactly to observed densities, since we are assuming a dipole magnetic field structure. In 
areas where the field departs significantly from a dipole, this approximation will break down. However, by re-
stricting our attention to the dayside magnetosphere where the field is approximately dipolar, the model densities 
should be within realistic values.

3.3.  Model Testing—Monochromatic Driver

We first check that the frequencies have been inputted correctly into the model from the observations. We can do 
this by driving the system monochromatically and checking whether a FLR forms in the location corresponding 
to that frequency as per the observed frequency profile. When driven for long enough at one frequency, this 
driving frequency will dominate over any natural fast waveguide response. We use the profile in the first column 
(6–10 MLT), panel (a) of Figure 1 to test this, with no azimuthal asymmetry (i.e., the radial variation is the same 
for all local times).
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The left hand panel of Figure 2 displays the resulting equilibrium Alfvén speed in the equatorial plane to produce 
the observed frequencies. It should be noted that beyond 10 RE in the model (i.e., on the flanks), the Alfvén 
speed smoothly transitions to a constant value, but still varies along field lines through Equation 1. The right 
hand panel of Figure 2 displays the field-aligned current jγ from near to the end of the field lines, mapped along 
field lines to the equatorial plane. This is done to present clearly the FLR locations; given that the field-aligned 
current is maximized at the end of the field lines where there is an antinode of the perpendicular magnetic field. 
The magnetopause has been driven monochromatically with perturbations to the compressional magnetic field 
component (bγ) at 8 mHz, over an azimuthal extent of ∼9−15 MLT, and the snapshot shown is taken after several 
driving periods. The clear amplitude peak in jγ at ∼8 RE matches that expected from the frequency given in the 
top left panel of Figure 1.

The overall FLR structure has a node at noon, which is caused by using a driver symmetric about the noon me-
ridian. Such symmetry results in a node of the azimuthal magnetic pressure gradient there, which is the quantity 
responsible for driving FLRs. The FLR extends in azimuth along a particular L-shell, around to the location 
where there is still significant enough power in the driver to elicit an FLR response. The right panel shows the 
field-aligned current density at a particular time, but over the course of one wave period there will be a radially 
outward phase motion across the resonance width. If aurorae were generated from such an FLR, they would be 

Figure 2.  Left: Equilibrium Alfvén speed in the equatorial plane, which produces the observed Alfvén frequencies. Right: 
Field-aligned current jγ from the end of the field lines mapped to the equatorial plane. Solid vertical black line at ∼8RE 
represents the location of the expected field line resonance; dashed circle on this L-shell highlights model symmetry.
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observed with a poleward phase motion of the auroral arcs (Milan et al., 2001; Rankin et al., 2005). This test 
simulation clearly shows that the observed frequency profile can be effectively placed into the model.

4.  Modeling Results
In this initial study, we are not going to consider the azimuthal asymmetry as present in the observations. The key 
feature to capture is the reduction in the eigenfrequencies from the initial to main phase (i.e., column 1 panels (a) 
and (c) in the first column of Figure 1). The full azimuthal asymmetry will introduce considerable complexity 
in both the propagation characteristics of the fast modes (Wright et al., 2018) and polarisation properties of the 
FLRs (Elsden & Wright, 2017). As such, azimuthal asymmetry will be the subject of a follow-up study.

Furthermore, we must consider that the boundaries (i.e., plasmapause and magnetopause) will move significantly 
over the course of a storm. Therefore, we will present results from four simulations, with the plasmapause and 
subsolar magnetopause at L = 4, 5 RE and L = 9, 10 RE respectively for each of the profiles (a) and (c) in Figure 1. 
This is not meant to exactly represent the location of these boundaries for any particular storm. Indeed, the obser-
vations are averaged over 132 storms and hence include a variety of different boundary locations. We are merely 
trying to study the effect that moving the boundaries can have on the FLR locations. Staples et al. (2020) showed 
that on average, in response to a storm sudden commencement, the median subsolar magnetopause location varies 
from 10.7 RE to 8.7 RE. The plasmapause model of O’Brien and Moldwin (2003) demonstrates that during storm 
times the plasmapause can occupy a wide range of locations with an average value of L = 4. These studies justify 
to a rough degree our chosen boundary locations, but it is emphasized that the following results would hold irre-
spective of the exact boundary locations used.

4.1.  Simulation Driven Boundary Condition

Each of the four simulations presented in the following sections has been driven in the same way. On the mag-
netopause boundary, the field-aligned magnetic field component bγ is varied in time as shown in the left hand 
panel of Figure 3. This corresponds to magnetic pressure variations, consistent with the magnetopause response 
to the random buffeting by the solar wind dynamic pressure. The right hand panel of Figure 3 displays the fast 
Fourier transform (FFT) of the driver time series, showing that power is inputted over an approximate bandwidth 
of 0−20 mHz. The driver is symmetric about the noon meridian, covering an azimuthal extent of approximately 
9–15 MLT. The variation of the driver along the field lines is such that there is an antinode of the compressional 
magnetic field at the equator, with a full width at half maximum (FWHM) of 6 RE. The key aspect of the driver 
regarding the results of this study is the frequency bandwidth, as this determines the effectiveness to which the 
waveguide mode harmonics can be excited. As long as this bandwidth encompasses the frequencies of the lower 
waveguide harmonics, our results will remain robust to the exact form of the driver. The spatial structure of the 
driver will affect the particular waveguide mode excited, as well as the resulting FLR azimuthal structure (Wright 

Figure 3.  Left: Time series of field-aligned magnetic field component bγ applied on the magnetopause boundary to drive the simulation. Right: Fast Fourier transform 
(FFT) of driver time series on the left.
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& Elsden, 2020). However, the overall trend of the radial location of FLR formation presented in this study would 
not be affected by asymmetries in the driver.

4.2.  Simulation With a 5 RE Plasmapause and a 10 RE Magnetopause

To set up the simulations, we fit smooth, continuous functions to the observed frequency profiles in column 1, 
rows (a) and (c) of Figure 1. The observed profiles are shown as the colored solid lines in the top panel of Fig-
ure 4, with the fits shown as the colored dashed lines. The red lines represent initial storm phase profiles, and 
the blue lines represent the main phase profiles. The frequency fits have been extended out to 10 RE for inputting 
into the model, beyond where the ground-based observations of Figure 1 provide measurements, in a consistent 
fashion.

We first consider the case where the plasmapause is placed at L = 5RE and the subsolar magnetopause at L = 10 
RE. The magnetopause shape is set from the Shue model (Shue et al., 1997) with parameters α = 0.54 and r0 = 10 
RE, where α sets the level of flaring of the magnetopause flanks and r0 defines the subsolar standoff distance. The 
lower left panel of Figure 4 displays an FFT of the field-aligned magnetic field component bγ at noon local time at 
L = 8 RE [(α, β, γ) = (8, 0, 0)], for the initial storm phase equilibrium. We choose the compressional magnetic field 
component to study the fast mode, which has an antinode at local noon. There are two clear harmonics present at 
frequencies ∼4.9 mHz and ∼12 mHz (the frequency resolution of the FFT is 0.8 mHz). These are indicative of 
the natural fast modes of the simulation waveguide. A horizontal-dashed line at the fundamental frequency shown 

Figure 4.  Top: Fits (dashed lines) to observed Alfvén frequency profiles (solid lines, from Figure 1) to be used in the model. Red lines are for the initial storm phase 
profile, blue for the main storm phase. Horizontal-dashed lines represent model fast waveguide frequencies, with vertical solid lines showing where the expected FLRs 
will form. Bottom left: Fast Fourier transform (FFT) showing fast waveguide frequencies for initial phase simulation. Bottom right: FFT displaying fast waveguide 
frequencies for main phase simulation. Simulation boundaries at noon are at L = 5 RE and L = 10 RE.
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here (4.9 mHz) is overlaid onto the top panel, showing an expected FLR location (where fast and Alfvén frequen-
cies match) at L ∼ 9.15 RE. The lower right figure displays an FFT of bγ at the same location ((α, β, γ) = (8, 0, 0)) 
for the main phase equilibria. Again two harmonics are present, at 4.3 mHz and ∼11 mHz, with the fundamental 
overlaid on the top panel as the lower horizontal-dashed line, showing an expected FLR location of L = 7.8 RE.

Figure 5 displays snapshots of the field-aligned current density jγ from close to the ionospheric end of field lines, 
mapped along field lines to the equatorial plane (in a similar fashion to Figure 2). The left hand panel displays 
the results from the initial storm phase equilibrium, with a clear peak in the field-aligned current at L ∼ 9.1 RE, 
in keeping with the expected location as discussed in Figure 4. The right hand panel shows the main storm phase 
equilibrium results. There are two peaks in the field-aligned current distribution, with the inner at L ∼ 7.8 RE 
corresponding to the fundamental mode and in agreement with the estimation from Figure 4. The FLR on outer 
L-shells around L ∼ 9 RE represents a third harmonic field-aligned mode, excited by the second waveguide har-
monic frequency of ∼11 mHz. With phase motion over an Alfvén wave period, it should be noted that the peak 
locations in L-shell are confirmed by finding the average location of the maximum of |jγ| over a wave period.

4.3.  Simulation With a 4 RE Plasmapause and a 9 RE Magnetopause

We now consider moving the simulation boundaries to L = 4 RE and L = 9 RE, using the same Alfvén speed 
profiles as before in order to obtain the observed eigenfrequencies in the model. The distance between the 

Figure 5.  Color contours of field-aligned current density jγ from near the ionospheric end of field lines, mapped to the 
equatorial plane. Left: Initial phase equilibrium, time t = 20.19 min. Right: Main phase equilibrium, time t = 21.61 min.
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plasmapause and subsolar magnetopause is maintained at 5 RE for a consistent comparison. Figure 6 displays the 
frequency fits as well as the resulting waveguide frequencies in a similar manner to Figure 4. The lower panels 
show fundamental waveguide frequencies of f ∼ 8 mHz for the initial storm phase equilibrium and f ∼ 6 mHz for 
the main storm phase equilibrium. These frequencies are overlaid on the fits in the top panel, showing expected 
FLR locations at L ∼ 7.9 RE for the initial phase and L ∼ 7.4 RE for the main phase.

Figure 7 displays the field-aligned current density from close to the end of the field lines, mapped to the equato-
rial plane for the initial (left) and main (right) phase equilibria. It is clear that the FLR responses are again close 
to the predicted locations as per the top panel in Figure 6. It is interesting that in the right hand panel, there is 
not a stronger FLR response driven by the second waveguide harmonic, which is clearly present in the FFT in 
the lower right panel of Figure 6. There is a weak resonant response close to the inner boundary where the FLR 
driven at this second harmonic waveguide frequency would form, but it is dwarfed by that of the outer resonance. 
The inner resonance can be seen more clearly in the azimuthal velocity component (not shown) but is very faint 
in the field-aligned current response.

4.4.  Combining Previous Simulations to Model a Storm Cycle

The real comparison to make is between the initial phase equilibrium with the boundaries further out (inner at 
L = 5 RE, outer at L = 10 RE), and the main phase equilibrium with the boundaries closer in (inner at L = 4 RE, 
outer at L = 9 RE). This accounts for the compression of the dayside magnetosphere as expected during the main 

Figure 6.  Top: Fits (dashed) to observed (solid) frequencies for initial (red) and main (blue) storm phases. Horizontal-dashed black lines represent model waveguide 
frequencies, with vertical lines showing expected FLR locations. Bottom left: FFT of field-aligned magnetic field component bγ for the initial phase equilibrium, 
showing dominant waveguide frequency of f ∼ 8 mHz. Bottom right: FFT bγ for the main phase equilibrium, showing two waveguide harmonics at f1 ∼ 6 mHz and 
f2 ∼ 15.5 mHz.



Journal of Geophysical Research: Space Physics

ELSDEN ET AL.

10.1029/2021JA029804

13 of 19

phase of a geomagnetic storm. To this end, Figure 8 displays the left hand panel of Figure 5 and the right hand 
panel of Figure 7 together for comparison. The FLR location moves from L ∼ 9.1 RE inward to L ∼ 7.4 RE. This 
is caused by two factors:

1.	 �The waveguide frequency increases from f ∼ 4.9 mHz to f ∼ 6 mHz
2.	 �The overall decrease in the Alfvén eigenfrequencies

5.  Discussion
The results above elucidate many interesting elements of the fast-Alfvén wave coupling of the dayside magneto-
sphere during geomagnetic storms. The key idea to convey is the concept of the two resonance system; namely, 
the resonance of the fast waveguide modes excited by broadband solar wind driving, which then go on to excite 
discrete frequency FLRs. Therefore the frequency, structure, and location of the resulting FLRs are inextricably 
linked to that of the fast waveguide normal modes. These modes will depend upon the magnetic field structure, 
plasma mass density variation and the size and shape of the magnetospheric waveguide and will therefore result 
in a broad spectrum of permissible frequencies. The particular fast waveguide modes excited will further depend 
upon the temporal/spatial structure of the solar wind driving (Elsden & Wright, 2019).

Figure 7.  Color contours of field-aligned current density jγ from near ionospheric end of field lines, mapped to the equatorial 
plane, for simulation boundaries at L = 4 RE and L = 9 RE. Left: Initial phase equilibrium, time t = 22.10 min. Right: Main 
phase equilibrium, time t = 22.43 min.
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The equilibria that we have used to model the observed Alfvén eigenfrequencies, with a fixed dipole magnetic 
field, will evidently not capture all of the complexity of the storm time magnetosphere. Furthermore, we have 
had to make assumptions about the frequency profiles beyond the furthest observed L-shell. Therefore, specific 
values of the waveguide frequencies presented should not be taken as exactly representative of observations of 
such modes. What is important however, is the relative change to these waveguide frequencies upon varying 
the plasma mass density structure and the plasmapause/magnetopause locations. For the modest average storm 
conditions used here, we see a 20% increase in the waveguide frequency by moving the boundaries inward by 
only 1RE (and maintaining the same waveguide width of 5RE along the noon meridian). This, combined with the 
overall decrease in the Alfvén eigenfrequencies, creates a significant variation in FLR locations. During a severe 
storm, it would be expected that the enhanced dayside compression will substantially shrink the width of the 
waveguide. For example, during the March 2013 storm, Staples et al. (2020) observed the magnetopause to be 
compressed within geostationary orbit (L ∼ 6.6 RE). Le et al. (2016) similarly observed magnetopause crossings 
with the GOES spacecraft (at geostationary orbit) during the 17 March 2015 storm. With such a compressed 
magnetopause, Murphy et al. (2015) demonstrated that ULF wave power will increase and will penetrate to lower 
L. As for the plasmapause, Obana et al. (2019) recorded a plasmapause location inside of L = 2 for the September 
2017 storm. Such extreme boundary dislocations would act to significantly increase the waveguide frequency and 
could move the FLRs substantially Earthward. Such observations are in keeping with the formation of FLRs at 
low L values during the magnetic storm of 24 March 1991 (E. A. Lee et al., 2007). However, as described in the 

Figure 8.  Color contours of field-aligned current jγ, copied figures from Left: Figure 5 left panel; Right: Figure 7 right panel, 
for comparison.
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introductory Sections 1.2 and 1.3, the storm time heavy ion dynamics will have a substantial effect on the overall 
plasma mass density, which would have to be taken into account when studying such extreme cases.

The FLR locations presented in the simulations are still at reasonably large L, particularly if interested in the 
potential interaction with radiation belt particles, with the heart of the outer belt usually residing around L ∼ 4 
(Horne et al., 2005). We have mostly looked at the fundamental waveguide mode (quarter radial wavelength with 
the given boundary conditions), however considering higher waveguide mode harmonics would lead to FLR 
formation further Earthward. Such excitation is partly visible in several of the current density plots, for example, 
both panels of Figures 5 and 7 show weaker FLR peaks Earthward of the dominant FLR. As mentioned above, the 
important aspect of this modeling work is the overall trend of more Earthward FLR formation during the storm 
main phase, not the specific FLR locations themselves. It should be stressed that our modeling work only treats 
the region L > 4, mostly outside of the plasmapause. Interestingly, at locations inside of the initial phase plasma-
pause, it may be expected that FLRs actually move radially outward by the main phase. As shown in the statistical 
study of Wharton et al. (2020), for L < 4 the eigenfrequencies increase from initial to main phase. Therefore 
coupling to a FLR for a given fast mode frequency would be expected to occur at larger L during the main phase 
for L < 4. It has also been previously suggested that the largest FLRs occur outside of the plasmapause, with the 
wave amplitudes being smaller inside (Balasis et al., 2015). This provides further motivation for the region of 
focus of this study, as well as its relevance to radiation belt studies, in particular when the plasmapause reaches 
very low L (e.g., Obana et al., 2019).

An aspect not addressed in this study is the ability of fast mode waves to penetrate deeper into the magnetosphere 
based on the depressed Alfvén continuum (Loto'aniu et al., 2006; E. A.; Lee et al., 2007; Rae et al., 2019). It has 
been previously shown that overall ULF wave power in the Pc5 band (∼1 − 10 mHz) decays exponentially with 
decreasing L (Mathie & Mann, 2001). In our simulations, we have studied the fundamental waveguide modes of 
the dayside magnetosphere, which span the full radial extent from the plasmapause to magnetopause. In order to 
reconcile this with statistical observations of overall ULF wave power, an ensemble of simulations would have 
to be run, encompassing the varying states of the magnetosphere, then be statistically averaged, which is beyond 
the scope of this study.

Further of interest regarding wave-particle interactions are the FLR widths presented in the simulations. It can be 
seen clearly, for example, in Figure 7, that the FLR widths vary from the initial (left) to main (right) phase. The 
change of the resonance width in time is determined primarily by the phase-mixing length, 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝 ∼ 2𝜋𝜋∕

(

𝑡𝑡𝑡𝑡
′
𝐴𝐴
(𝐿𝐿)

)

 
(Mann et al., 1995; where the prime superscript denotes d/dL, and ωA is the local Alfvén frequency), which can 
be seen to depend critically upon the radial Alfvén frequency gradient. The steady state resonance width is lim-
ited by the dissipation in the system, which in our model is provided by the inclusion of resistivity. Consider the 
FLR widths in Figure 7. It is clear that the right panel for the main phase equilibria has a thinner width than that 
for the initial phase (left). This occurs because for this resonance location, the local Alfvén frequency gradient is 
steeper. This is evident by comparing the gradients of the red and blue curves in the top panel of Figure 6 at the 
FLR locations (vertical black lines). Under different geomagnetic conditions, the shape of the Alfvén speed (and 
therefore frequency) profile can vary drastically (Archer et al., 2015, 2017). Given it is the local Alfvén frequency 
gradient which determines the FLR width, we cannot make any generalisations regarding the systematic FLR 
width variation during storm phases. Furthermore, we have used a statistical average of the frequency over 132 
storms, which may not accurately depict individual cases. Another related point is the FLR amplitude, which is 
proportional to the inverse of the Alfvén frequency gradient (Wright & Thompson, 1994). Both the width and 
the amplitude are important features for wave–particle interactions, defining the region across which the ULF 
wave exists (and thus the radial extent in which particles can be accelerated) as well as the potential strength of 
the interaction. Therefore, it would be expected that a shallower Alfvén frequency gradient would provide a more 
efficient regime for enhanced wave-particle interactions.

A follow up study will consider the full magnetic local time asymmetries as present in the current and many 
previous observations (Takahashi et al., 2016; Walach et al., 2021; Wharton et al., 2018). The formation of a 
plasmaspheric drainage plume on the dusk flank during storms has been shown to significantly alter the prop-
agation characteristics of ULF waves (Degeling et al., 2018). This has the potential even to form cavity modes 
of the plume itself. Further asymmetries could also be introduced through asymmetric magnetopause driving, 
which would significantly impact the waveguide modes that are preferentially excited (Wright & Elsden, 2020). 
Furthermore, with asymmetric density structures comes the requirement of 3D FLR theory to account for mixed 
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polarisation FLRs (Elsden & Wright, 2017; Wright & Elsden, 2016). Wright et al. (2018) explored how such 
azimuthal density gradients cause the refraction of fast mode waves, which in turn can be used as part of the 
explanation for the dawn-side enhancement in toroidal Pc5 waves (Takahashi et al., 2016).

6.  Conclusions
This study has assessed how the location of field line resonances in the plasmatrough varies with different phases 
of a geomagnetic storm. This has been achieved through MHD simulations specifically tailored for resolving 
the fine perpendicular scales appearing during the FLR process. We have used observed radial eigenfrequency 
profiles for the initial and main storm phases, averaged over 132 geomagnetic storms as input for the simulation 
equilibria. We performed four simulations, for two different inner/outer boundary locations and two different 
radial frequency profiles (for initial/main phase). The key findings are as follows:

1.	 �FLR location is dependent upon the Alfvén frequency continuum and the waveguide mode frequency (which 
is driving the FLR)—factors which must be considered together.

2.	 �The overall decrease in Alfvén frequency outside the plasmasphere from the initial to main storm phase, with-
out considering changing magnetopause/plasmapause locations, would result in a decrease of the natural fast 
waveguide frequency excited through broadband magnetopause driving.

3.	 �However, including a very modest change of 1 RE to the magnetopause/plasmapause boundary locations (but 
maintaining a plasmapause to magnetopause distance of 5 RE along the noon meridian) causes the fast wave-
guide frequency to increase over the course of a storm. This is most likely caused by the overall higher Alfvén 
speed regions sampled in the more Earthward waveguide.

4.	 �The combined effects of a higher fast waveguide frequency and lower Alfvén frequencies during the storm 
main phase, act together to move resonance locations outside the plasmasphere considerably Earthward, by 
∼1.7RE for the moderate storm environments considered in this study.

5.	 �Such interplay of the waveguide mode frequency and the Alfvén continuum over the course of a storm requires 
a more nuanced analysis than simply assuming a given fast frequency, then finding the resulting FLR location. 
Our results here expand upon the ideas of Rae et al. (2019), who considered how different frequency fast mode 
waves could penetrate into the inner magnetosphere during storms.

6.	 �The ideas developed here could potentially be extrapolated for extreme storms, where the boundaries and 
Alfvén continuum are substantially different to those considered here. We would expect increased waveguide 
frequencies and far more inward FLR formation (e.g., L ∼ 3.6 RE E. A. Lee et al., 2007) than shown in our 
results. However, heavy ions and their effect on the plasma mass density would also need to be appropriately 
accounted for in these situations

Data Availability Statement
Data used to produce the simulation plots can be accessed at this site (https://figshare.com/authors/Tom_Els-
den/4743264). The authors would like to thank the IMAGE magnetometer team for providing the data.
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