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S1 Details of paper examples

Example 1. The initial log-linear model log pto74«1 = As7x196019%1, in the
matrix form is as follows. Note that the p indices correspond to cell counts
1 to 27 respectively.

log 1000

1 0 00000 0O O0O0OOUOTUOT OTOTOTU OO0 0 9
log w100 1 1.0 0 000 00O OO OO0 O OGO O O
log p200 1 0 1 0 000 0 0O O0OUOTUOT OTOTOTU OO0 O o
log po1o 1 0 01 000 0 0O0OO0OUOTUOT OTOTOTU OO0 O X
log p110 1 1 0 1 0 0 0 1 0 00 00 0 0O O 0 O v
log p210 1 0 1 1.0 0 0 0 1 0 0 0 0 0 0 0O 0 0 0O 01
log 1020 1 0 0 01 000 0 0O0OUO0OTUO0OTUO0OTO0UOTU OO0 O 6y
log p120 11 0 0 1 0 0 0 01 0 0 0 0 00 0 0 O oz
log pa20 1 01 0 1 0 0 0 00O 1 0 0 0 00 0 0 O 1
log 1001 1 0 0001 00 0 00O O0OO0O 0 0 0 0%
log 1101 11 0 0 0 1 0 0 0 0 00 0O 0 1 0 0 0 9XY
log p201 1 0 1 0 01 00 0 00 OO0 OO0 O 1 0 0 oy
log 1011 1 0 01 01 00000 1 00 00 0 0 0 021
logpasr |=]1 1 0 1 0 1 0 1 0 0O 0O 1 0 0O O 1 0 0 O oxXY |,
log pi211 1 01 1 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 XY
log po21 1 0 0 01 1.0 0 0 0 0 01 00 0 0 0 O 22
log pt121 110 0 1 1 0 0 0 1 0 0 1 0 0 1 0 0 0 07,7
log pi221 1 0 1 0 1 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0y 2
log poo2 1 0 0000 1 0 0O OUOTUOT OTOTOTU OO O vy
log 1102 1 1 0 0 0 0 1 0 0 0 0 OO0 O0 0 OO0 1 0 015
log ft202 1 01 0 00 1 0 0 0O OO OO0 0 O 0 1 0Y7
log po12 1 0 01 00 1 0 00 O0O0OTUO0OT1O0O0UO0O0 O s
log p112 1101 00 1 1 00 00 01 00 0 1 0 01
log p1212 1 0 1 1 0 0 1 0 1 0 0O 0O O 1 0 0 0 0 1 0%
log po22 1 0 00 1 01 00 00O OO T1UO0 0 0 0O X2
log 1122 1 1.0 0 1 0 1 0 0 1 0 0 0 0 1 0 0 1 0 12

| logposs | L1 0 1 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1| 037 |




2 S.SHARIFI FAR, M. PAPATHOMAS AND R. KING

The reduced model log w1 = A% 15075« in the matrix form is,

[ogpzoo ] [0 1 0 0 0 0 00 0000000 O0O0 0[] X
log po10 001 00 00O0UOUO OO OUOO0O0O0O0 0 0 0+ 60X
log pt110 1010001 000O0UO0UO0O0OGO0TUO0UO0O0 o1 or
log 1210 01 100 001 00O0U0O0UO0TO0O0OO0 O Y
log 11020 0001 000000OG OO OO OO 0O0O0 0 0+0;
log 1120 10010 00O0T1TO0UO0TO0GO0TO0OTO0TO0TUO0 O 0+ 67
log 1220 01 01 000O0GO0T1TU0TU0UO0GO0OTO0O0O0 0 0Z
log 1001 00001 00O0UO0UO 0O OUO0O0O0TO0O0 0 0 oxY
log p1101 100 01 00O0O0O0UO0UO0OUO OGO OT1TUO0UO0O0 040X
log 1201 01 00 1 00O0UO0OUO0ODOOO0GO0UO0T10 0 XY
logpo11 |=/0 0 1 0 1 0 0 0 0O O 1 0 0 O O O O O 12 oy
log p1111 101010100071 0UO0GO0T1TU0TUO00O0 —0+ 03
log 11021 00011000000 T1O0O0O0O00 0 —0 +6Y/”
log 121 10 01 100 0 1 001001 0 0 0 -0+ 0372
log p202 010001 00O0UO0O0OUO0UO0GO0GO0O0 0 1 0¥ 7
log po12 001 00 100O0UO0O0OGO0T1UO0TO0TO0O0 0 0Y7
log p1112 101001 1 000O0UO0T1GO0TU0TGO0T10 X2
log pa212 01 1 0010 100O0TO0T1TU0TGO0TUO0OTUO0O 1 1 s
log 1022 0001 0100O0UO0GO0UO0GO0T1UO0TO0T0O0 0 —0+ 05
log p122 1 0010100710000 T1G0UO0T10 0357

| log u222 | Lo 1. 0 1 0 1 0 0 0O 1 0 0 0 1 0 0 0 1] 6X%

Example 2. The vector of 59 estimable parameters obtained by parameter

redundancy for the 3° x 2! contingency table is,

HIT :(9’9147954’013’9237910’92079?792D79{3"92Ev€fa9141B79§1 912 ’922 791A10792Alo
012 ) ‘922 ) 0 9 9 011 ) 021 ) 812 ) 611 ) 021 ) 9 6 0 0
9 9 0 9 6 6 6 9 9 9 9 9 9 «9

0 0SE 9CE gOE gOF oCF gDE gDE gDE DF DF gEF oEF)
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Example 3. Model (4.11) can be written as,

log 1000 100000 0]
log w100 1 1.0 0 0 0 O X
log Ho10 1 0 1 0 0 0 0 9Y
log H110 _ 1 1 1 1 0 0 0 eXY
log poo1 1 0 0 01 0 O 07
log 1101 1100 1 1 0 §X7
log po11 1 01 0 1 0 1 gvz

L log Hi111 | L 1 1 1 1 1 1 1 1 - -

The derivative matrix for contingency table in Table 2(a) is,

I Hooo  H100 MHo10  M110  MoO1  H101  Mo11  M111 i
0 0 Y2 Y3 Ya Ys Y6 Y7 0
6% 0 Yo 0 Ya 0 Ve 0 0
D 0¥ 0 0 Y3 Ya 0 0 Y7 0
XY | 0 0 0 Ya 0 0 0 0
0% 0 0 0 0 Ys Y6 Y7 0
0%X% | 0 0 0 0 0 Y6 0 0
L 0¥ | 0 0 0 0 0 0 yr 0 |

Example 4. The derivative matrix for contingency table in Table 2(b) is,

[ Mooo  M100  MO10  M110  MOO1  M101  MO11 M111 i
0 0 Y2 Y3 0 Ys Y6 y7 ys
6x 0 Yo 0 0 0 Y6 0 s
D 0¥ 0 0 Y3 0 0 0 Y7 ys
XY | 0 0 0 0 0 0 0 s
6% 0 0 0 0 Ys Y6 Y7 Ys
0XZ | 0 0 0 0 0 Y6 0 Us
L 07| 0 0 0 0 0 0  yr ys |

Example S1. It is known that for a log-linear model fitted to a contingency
table with all positive y;, the log-likelihood function is strictly concave and
the maximum likelihood estimates exist for all the model parameters. Con-

sider fitting a saturated Poisson log-linear model to an ™ (m > 1,1 > 2)



4 S.SHARIFI FAR, M. PAPATHOMAS AND R. KING

contingency table. The derivative matrices for a 2! and a 22 table are,
‘ Moo  M10 Mol M1l
fo  ph 0 Yi Y2 Ys Vs
Dy = 0 v y2 |, Dy = 6% 0 Y2 0 Ya
06X 1 0y 0" | 0 0 ys wa
XY 0 0 0 oy

Even for larger tables, we can always arrange an ordering of cell means and
corresponding parameters that produces an upper triangular D matrix in
which the main diagonal elements are the cell counts, as shown in D; and
D5 above (and also in the proof of Theorem 1). So when y; > 0,Vi € L, the
D matrix is always full rank, as expected, and all of the model parameters

are estimable.

S2 Proof of Theorem 1

To prove Theorem 1, we use the induction method for two variables in
two steps. First, the statement is proven to be true for an {! table for all
integers [ > 2. Then we show that if the statement is assumed to be true
for an [™ table, it is also true for ™" for all integers [ > 2 (Earl, 2017).
For simplicity, instead of y; and 0 in the derivative matrix we write 1 and
0. This helps relate the derivative matrix of m variables and the one with
m+1 variables. Recall that a zero cell turns a corresponding column to zero
in the derivative matrix. To clarify the notation, without loss of generality,

assume the contingency table has m variables and each of them has [ levels.
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_ dp,
4o,

parameters added to the model because of adding the rth variable to the

We set D,.(6,)

, in which p, and 6, are the set of cell means and

table. Then we define D, = D,(6,) = d%’ as the derivative matrix for

Hr = p1UpaU---Up, and 6, = 6; U6, U---UB,., which are union of sets of

cell means and model parameters for having variables 1 to r. Accordingly,

dp, , .
D, (6,) = dg . In the tables and matrices, the y;’s are ordered according

to (1.2) in the main paper.

Before we derive the derivative matrix and nonestimable parameters for
a general case of m = k, we start with a simple table and gradually discover
the pattern in the structure of the derivative matrices. For a 2! table, a
and the nonestimable parameters in presence of zero cell counts are shown
here. Since only one cell count is zero, the deficiency is one and there is

one o vector for each case.

Mo 1
m=1, Di=Di6)=Di(6)=| 6|1 1 |,
X1 0 1
01=(0,0%), = (o, ).
zero cell « vector nonestimable parameters
Yo=0 an=(1,-1) = {6,6%}
y1=0  an=(0,1) 2 = {07}

Those a vectors are actually a3 = (a, —a) and a2 = (0,a), where «
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could be any non-zero number but for simplification the value 1 is used.
For the model corresponding to a 22 table, the derivative matrix, and

nonestimable parameters for setting each cell count to zero are,

foo Mo | for i
9 |1 1,1 1
m=2 Dy=Dy@)=| 6 |0 110 1
Y o o0!1 1
XY 0 0.0 1
| Di(61) Da(61) | | D1 Do(61)
0 Dy(6,) 0 D ’
0, = (0,6%), 0, = (07,0~Y), 0y = (0,0%,07,0%7),

M1 = (,UOOnulO)a M2 = (Monﬂn), Ho = (MUOaMw,Mm,Mn)-

zero cell o vector nonestimable parameters

yoo=v1 =0 aun=(1,-1,-1,1) = (an,an) v ={0,0%,0",6%"}

Yio=9y2=0 a2 =(0,1,0,-1) = (a2, a12) vo = {0%,6%7}
Yor=y3=0 a3 =(0,0,1,-1) = (0,11) s ={6",0%"}
y11=y1=0 a4 = (0,0,0,1) = (0, 12) o ={0%"}

The expression aw; = (g, aupq) is true in terms of places of zero and non-
zero elements which indicate estimable and nonestimable parameters. The
pattern in the derivative matrices and a vectors holds for increasing m and

any [, as used in the proof below.
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Proof. Step one: We prove that the statement is true for [! for all integers
[ > 2. Assume the only variable in the model is X with [[] = {0,1,...,1—1}
levels, therefore the saturated model includes [ parameters. The derivative

matrix for this model is,

Mo M1 M2 M43 Hi—1
6 |1 1 1 1 1
6 10 1 0 0 0
Di=Dy(6)=| 6 |0 0 1 0 0
X 10 0 0 1 0
L6, 10 0 0 0 ... 1 |

For this model, we show the a vectors and the nonestimable parameters
in the presence of zero cell counts. Since only one cell count is zero, the

deficiency is one and there is one a for each case.

zero cell « vector nonestimable parameters
Yvo=0 an=(1,-1,-1,-1,...,1) all parameters

y1 =0 a2 = (0,1,0,0,...,0) 0

Yo =0 a3 = (0,0,1,0,...,0) 03

yzs =0 as = (0,0,0,1,...,0) 0

y—1=0 ai; = (0,0,0,...,0,1) 0%,

According to the a vectors, the theorem statement is true for this model.
We can fix the number of variables at m = 2 and show that the statement
is still true for this model with any number of levels. Assume the variables

in this model are X and Y with [[| = {0,1,...,] — 1} levels, the derivative
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matrix for the model for this (* table is, Dy = Dy(63),
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Y =0 y=1 | Y=i-1
! ' |
Moo H10 H20 - - - ,Ullflol,UOl M11 H21 ... ulful. cpor—1 M1l—1 M21—1 - - Ri—11—1
9 |1 1 1 11 1 1 1., 1 1 1 1
| |
X 1o 1 0 010 1 0 0 .., 0 1 0 0
| |
0X o o0 1 0,0 0 1 0 1., 0 0 1 0
| |
: | o
| | |
65, 10 0 0 110 0 0 1.0 0 0 1
o o o o 011 11 L L0 0 0 0
65 1o 0 o0 010 1 0 0 .., 0O 0 0 0
. [ [
Tl e o 00 010 0 1 0 .., 0 0 0 0
| |
. |
. | |
. | I :
XY, 10 0 0 0,0 0 0 1 .40 0 0 0
77.77 iiiiiiiiiii C T T T T T \7.7‘ 777777777777777
: [ P!

il Eeieie i m—————————— T
0y, |0 o 010 0 L 11 1
I I I
0%, 10 0 0 0,0 0 O 0 ... 0 1 0 0

|

03Y, |0 0 0,0 0 L 0o 1

| | |

\ Lo

| | |

XY, .10 0 0 010 0 0 0 ... 0 0 0 1

[ D, D) Dy
0 D 0
0 0 0 D

The derivative matrix is upper triangular and all elements on the main
diagonal are 1. Let yjq) be a cell count such that its index ends with zero
and ~y; is the set including corresponding nonestimable parameters. We can
order cells from 1 to "™ according to (1.2). Thus, in the case of having one

zero cell count, the nonestimable parameters and unique a vectors are as

follows which satisfy the theorem’s statement.
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zero cell « vector nonestimable parameters
1
r——

Yio)y =y1 =0 a1 = (a11,...,011) 7 = 1 = {all parameters}

Yio) =y =0 ag = (ag, ..., o) Y=y ={6% 6,65, )
Yi)) =Y%+1 =0  agqy1) =(0,211,0,...,0) Y =41 = {607,037, ..., 6}
Yi) =Yix2 =0  aggx2) = (0,1,0,...,0) i =vx2 = {6y}

Yi—1) = Y2141 =0 Qg2 g4y = (0,0,...,c11) Vi =Y2_141 = {6’1}:1’95?:17 - '791)9;1711}
Yia—1) = Y2 =0 ag2 =(0,0,...,aq) Y=z ={0Y, 1}

Step two: The statement is assumed to be true for I™ when m = k,
we will show it is also true when m = k£ + 1. For m = k when any of
the cell counts is zero, the corresponding parameter to that cell and given
that, all other parameters with a higher order interaction of the variables

are assumed to be nonestimable. The derivative matrix is,

Dy-1(0k-1) Dr(0r-1) D1 Dy(0r-1)
Dy = Dy(6r) = = )
0 Dk(ek) 0 Dk(ok)
in which,

Dy—1 0

0 D1
Dy(6r) =

0 0 0 Dip

I—1xl-1

Derivative matrices are upper triangular and all elements on their main

diagonals are 1. Say () is a cell count such that its index ends with zero.
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~; is the set including the corresponding parameter to that cell and given
that, all other parameters associated with a higher order interaction of the
variables. The order of setting cell counts to zero here is the same order
used in forming the derivative matrix. Thus, the nonestimable parameters
must be as follows (same for a vectors, because of the repetitive pattern in

models and the point that in each case there is only one a vector).

zero cell « vector nonestimable parameters
#1
Yico) =¥1 =10 o1 = (ap_1(1)5-- - Ak—1(1)) ~i = 71 = {all parameters}
Yi0) = Yp—1 =0 Q-1 = (ak—uzkfl)’ = '7ak—1(l’°*1)) Vi = V-1
Yi()) = Ypp—141 =0 oy k-141) = (0,0-1(1),0,...,0) Yi = Vik-141
Yi(1) = Yk—1xp =0 Qpk—1x2) = (Ovak—l(lk*1)707 ...,0) Vi = Vik-1x2
Yi(l—1) = Yak-1x1-1)+1 = 0 Qp((k—1x1-1)+1) = (0,0,.. ':ak—l(l)) V= VaE-1xi—1)41
Yi(l—1) = Yk =0 ok = (0707"'7o‘k—1(lk*1)) Yi =Yk :{only the

highest order parameter}

Now the theorem statement must be proven for m = k 4+ 1. We have,

Di(0x)  Dr+1(0x) Dy Di41(6k)
Dyy1 = Diy1(0ks1) = = ,
0 Diyy1(0r41) 0  Dis1(Okt1)
in which,
Dy, 0 0
0 Dy 0
Dit1(0rt1) =

1—1xl-1
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So the nonestimable parameters are expected to be,

zero cell nonestimable parameters
Yioo) =y1 =0 i = 41 = {all parameters}
Yico) = yr =0 Vi =Yk
Vi) = Yy =0 Yi = Yik 41
Yi()) = Ykx2 =0 Yi = Vikx2

Yi-1) = Yarxi—1)41 =0 Vi = Vkxi—1)+1

Yig—1) = Yp+1 =0

i = vr+1 = {only the
highest order parameter}

To prove that these are nonestimable parameters, we need to obtain the

corresponding « vectors. According to the repetitive pattern of a vectors,

that was observed when constructing the derivative matrices by increasing

the number of variables in the table, they are made of vectors of the previous

step. Therefore the unique a vectors are,

zero cell o vector
#1
——
Yio)y =y1 =0 apri(1) = (g1, .-, Q1)
Yio) = Yyp =0 Apiiky = (Qps - ooy Q)
Yir) = Ypky1 =0 ikt = (0,01, 0,...,0)
Yi1) = Yrx2 =0 Qptpi(tkx2) = (0, s, 0,...,0)
Yil—1) = Yukxi—1)+1 = 0 Qpi1((kxi—1)+1) — (0, o,..., akl)
Yi—1) = Ypp+1 =0 Qpy1ik+l = (0,0,...,ak)
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For the first % proportion of the cases in the previous table, having a
zero cell count makes o = (@, . . ., ;). Since the theorem is assumed to
be true for m = k, the first ay; makes the corresponding parameter to that
cell and given that, all other parameters with a higher order interaction
of variables be nonestimable for the last smaller model (m = k). Repeat-
ing ay;, [ — 1 times in the a vector makes some other parameters of the
new model to be nonestimable, which are the same previous parameters
corresponding to all levels of the new variable. Hence, the corresponding
parameter to that cell and given that, all other parameters with a higher
order interaction of the variables are nonestimable.

For the rest of the % parts of the cases, having a zero cell count makes
an ay; appear in the vector. This ay; makes the corresponding parameter
to that cell and given that, all other parameters with a higher order in-
teraction of the variables be nonestimable for the last smaller model, but
as it appeared after one or more vectors of zeroes here, those parameters
will have the higher levels of the new variable in their superscript and sub-
script. Hence, the corresponding parameter to that cell and given that,
all other parameters with a higher order interaction of the variables are

nonestimable. Therefore the statement is true for m = k + 1. O
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