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I MUST SAY TO YOU YOUNG PEOPLE

"Don't follow what senior mathematicians say to you
IF YOU, YOURSELF, ARE NOT FULLY CONVINCED,"...

Masamichi Takesaki (senior mathematician) [23]



Abstract

We introduce a theory of contractive Markov systems (CMS) which provides a unifying
framework in so-called "fractal" geometry. It extends the known theory of iterated
function systems (IFS) with place dependent probabilities [1][8] in a way that it also
covers graph directed constructions of "fractal” sets [18]. Such systems naturally

extend finite Markov chains and inherit some of their properties.

In Chapter 1, we consider iterations of a Markov system and show that they preserve

the essential structure of it.

In Chapter 2, we show that the Markov operator defined by such a system has a
unique invariant probability measure in the irreducible case and an attractive prob-
ability measure in the aperiodic\case if the restrictions of the probability functions
on their vertex sets are Dini-continuous and bounded away from zero, and the sys-
tem satisfies a condition of a contractiveness on average. This generalizes a result
from [1]. Furthermore, we show that the rate of convergence to the stationary state
is exponential in the aperiodic case with constant probabilities and a compact state

space.
In Chapter 3, we construct a coding map for a contractive Markov system.
In Chapter 4, we calculate Kolmogorov-Sinai entropy of the generalized Markov shift.

In Chapter 5, we prove an ergodic theorem for Markov chains associated with the

contractive Markov systems. It generalizes the ergodic theorem of Elton [8].



Acknowledgements

I would like to thank: EPSRC and School of Mathematics and Statistics of University
of St Andrews for providing me with a scholarship and excellent working conditions
in St Andrews, Professor K. J. Falconer and Professor A. Manning for a constructive
criticism and various corrections to the thesis, my supervisor Lars Olsen for his interest
in my work, his support and many fruitful discussions, Orjan Stenflo for informing
me about the theory of Dependence with Complete Connections, Barry Ridge for
proofreading the manuscript.

St Andrews Ivan Werner
November 22, 2004



Introduction

The study of Markov processes on metric spaces associated with a random iteration
of maps has a long history which can be traced back to a paper of Onicescu and
Mihoc [19]. The reader is referred to Kaijser [14], Barnsley et al. [1] and Stenflo [21]

for historical reviews.

Our work can be seen as a continuation of works of Barnsley et al. [1] and Elton [8],
which were motivated by computer modelling of "fractal” measures. This addresses a
heuristic question "What is the most general randomly driven finite mechanical struc-
ture on a metric space which determines a Markov operator with a unique invariant

Borel probability measure?".

If the metric space is finite, then one would immediately think about a directed graph
with probability weights which determines a stochastic matrix - the only possible
Markov operator in this case. A good candidate for such a mechanical structure
handleable by a computer in a general case is a finite family of Lipschitz maps (iue)e<e
on the metric space with some probability functions (pe)e"E (i.e. Pe{x) > 0 for every

e G E and Y2eeEPe(x) ~ ~f°r x)- The Markov operator which arises from it has



the following form

Uf:= £ > ./ owe for all Borel measurable functions /.
eeB

Obviously, for any Borel subset B, Ulb (x) defines a transition probability from the
point x into the set B. Such systems have been employed for modelling different
Markov processes long before (see the literature above) and were rediscovered by
Hutchinson [12] (though he considered only constant probability functions) for con-
structions of so-called self-similar or "fractal” sets and measures supported by them.
Such systems in a general setting were studied by Barnsley et al. [1] and Elton [8].
However, as we will see further (Remarks 2.1.1), their setting does not extend the case
of a finite metric space, which is already very well understood. Related to the con-
structions of "fractal” sets, Mauldin and Williams [18] introduced a finite mechanical
structure which generalizes that used by Hutchinson and extends what is known on

finite metric spaces. It is called a graph-directed construction.

We introduce a theory of systems which unifies those studied by Barnsley et al. and

Elton with the graph-directed constructions. -

The theory does not claim to provide the most general model concerning its prob-
abilistic phenomenon, since there is a general theory of "dependence with complete
connections” [13] which aims at that. However, as far as the author is aware, none of

the probabilistic results presented here are covered by the existing theory.

Notation

We use the following notation.



(K,d) is a metric space. All the following spaces of functions on K are real. Lip(K)
denotes the space of all Lipschitz functions, Cc(K) denotes the space of all continuous
functions with compact support, Cb(K) denotes the space of all bounded continuous
functions, C(K) denotes the space of all continuous functions, C°(K) denotes the
space of all bounded Borel measurable functions. For a map u defined on K and Q C
K, « w denotes the restriction of u on Q. For/ € Cb(K), ||/|| is the supremum norm
of /, and j|/||<3 denotes the supremum norm of ;xa for Q C K. P (K) denotes the set
of all Borel probability measures on K, 5Xis a Dirac probability measure concentrated
on X, means "converges weakly* (weakly) to". We use the abbreviation "iff" for

"if and only if".



Chapter 1

Markov systems

1.1 Main definitions

Let K i,K2)-ﬁKn be a partition of a metric space K into non-empty Borel subsets

(we do not exclude the case N = 1). Furthermore, for each i E {1,2,..., N}, let
wn, wi2, ..., wiL. : Ki — >K

be a family of Borel measurable maps such that for each j E {1,2,..., Li] there exists
nE {1,2,..., IV} such that (Ki) ¢ Kn (Fig. 1). Finally, for each %E {1,2,..., N},
let

Pn,Pi2  PiLi : Ki — » M+, n
be a family of positive Borel measurable probability functions (associated with the

maps), i.e. ptj > 0 for all j and Y/jLiPij(x) —1f°r all x E 1Q. ]



CHAPTER 1. MARKOV SYSTEMS 5

K2 N =3

Fig. 1

Remark 1.1.1. (i) Case N — 1 covers the framework from [lj and [8].

(u) In the following, all probability functions Pij can be seen to be extended on the
whole space by zero, and all maps Wij can be seen to be extended on the whole space
arbitrarily. These extensions are necessary for the definition of the Markov operator
U rather than for the definition of its adjoint U* (see Definition 1.1.4). This is another

way to see how the framework from [1] and [8] can be embedded into ours.

In any arrangement of the maps, a structure of a directed (multi)graph is easily

recognized.

Definition 1.1.1. We call the set V := {1,..., N} the set of.vertices and the subsets

Ki,..., I<n are called the vertex sets. Further, we call the set

E := {(i,7ii) zie {1,..,1V}, 7 e {1, ... £<}}

the set of edges and we use the following notations:

pe := pin and we := win for e := (z,n) € E.
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Each edge is provided with a direction (an arrow) by marking an initial vertex through
the map

i:E —>V

0» > ¢ .

The terminal vertex t(j, n) £ V of an edge (j, n) £ E is determined by the corre-

sponding map through

ey = or s ci)
We call the quadruple G (V, E,i,t) adirected (multi)graph or digraph. A sequence

(finite or infinite) (..., e_i, €0, ei,...) of edges which corresponds to a walk along the

arrows of the digraph (i.e. t(ejt) = i{ek+1)) is called a path.

Definition 1.1.2. We call the family M \= (ifye), weipe) ¢ E a Markov system, and

we call the family without probabilities, (ATi(€), we)egE;) a topological Markov system.

Definition 1.1.3. A Markov system is called irreducible iff its directed graph is
irreducible, i.e. there is a path from any vertex to any other. An irreducible Markov
system is said to have a period d iff its directed graph has a period d, i.e. the set of

vertices can be partitioned into d non-empty subsets f2i, ~2,..., such that

i(e) £ Plia*t{e) £ Ni+i nodd
for all e £ E and d is the largest with such property. An irreducible Markov system
with period 1 is called aperiodic.

Definition 1.1.4. We define the Markov operator on £°(K) associated with the

Markov system by

uf .=Y,p>fow° fora» / e C°(K)
e&E
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and its adjoint operator on P (K) by

U*v{f) := J U(f)du for all / £ £°(K) and v £ P{K).

Definition 1.1.5. We say a probability measure (i is an invariant probability measure
of the Markov system iff it is a stationary initial distribution of the associated Markov
process, i.e.

t/V = fa

As in the case of a finite Markov chain, it is very useful to represent a Markov chain
associated with a Markov system as a sequence of random variables defined on the

product space of infinitely many copies of E.

Definition 1.1.6. Set
S ;= Ez := {(ee=»cf—, 0'0,cri,...):.crifE, i £ Zi}

and

£+ = EN:= {{aua2, ..) < £ Eti £ N}.

We call E+ the future of E. Consider Il and E+ provided with the product topology.

Further, set

< ANY .dm= eJMo 7NN\ — wnCrn — for all integers m Y. ci
and
ifex,....,en]+ := {a £ £+ :cai —elaz= e2,..,an= en} foralln £ N.
We call m[em, ..., en] and i[ei,..., en]+ thin cylinder sets. Now, for any X £ K and
X[el, ...,en]+ C E+, define

Px (i[ei,..., enl+) = pei(x)p@(weix) ..pBr(w& Xo ... oweix) .
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Then Px extends uniquely to a Borel probability measure on E+. Finally, for any

x £ K and k £ N, set
Zk(a) := wffko u;(c_1 0 ... o u;Cll(cc) for all a £ E+.

It is easy to check that the sequence of random variables (Zk)kAN with respect to the
measure Px represent the Markov process, associated with the CMS, with the initial

distribution 5X Moreover, obviously

Ukf{x) = J fo ZkdPx for all x £ 1<J £ CB{I<) and k £ N.

1.2 Iterations of a Markov system

In contrast to the trivial case of finite Markov chains, here can be considered the

following iterations of a Markov system.

Definition 1.2.1. Let M := (K (iVij)jed.,{pij)jejJ ~ be a Markov system. Set

= i, = Wij, pM := Pij for all i £ 7° /,j GJ° J and
M?° = M.
Let the n-th iteration of M. be defined by a Markov system
Me:= (o,

for some n £ NU{0}. First, we define the vertex sets of the n + 1-iteration A4t by

forming lumps of intersecting subsets wfj (iff), i £ In, j £ Jf.
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That can be done by the following algorithm:

1. Order the set of edges En:= {(ij) :i EInJd G Jf} arbitrarily, say

En= {eu...,ek}, ke N.

2. For each s = 1 , k, construct recursively a set Hfc(s) C K by setting

~o(s) = wG (/Q(es))

and
(s) = Sm_i(s) UAmM(s), where
wem » if Am-1('S) AAWCm (Ifj(em)) 7~
0 , else
forallm=1,.. k.
3. Set

{>Q*+1]j 6 / n+1} := {3*(1),...,3*(fc)}
by an arbitrary counting (without distinguishing the same elements in the right set).

Finally, we define on each vertex set K™+1, i € In+l, the family of maps and prob-

ability functions. For each i € In+l, there exists a unique index i G In such that
R n+l ¢ RU Define

IEML := w2

and

pnM = p? 41 forallj € J?

So, JT+1 := JI\ Through it, M n+l is well-defined up to the indices.



CHAPTER 1. MARKOV SYSTEMS 10

Example 1.2.1. The Fig. 2 shows the 1-st iteration of the Markov system from Fig.

L. '

Fig. 2

Proposition 1.2.1. A measure is invariant w.r.t. a Markov system iff it is invariant

w.r.t. one of its iterations.
Proof. Obvious by the definition of the iterations. U

Remark 1.2.1. Trivially in the case of finite Markov chains, such iterations do not
change anything in the structure. It is known that the essential structure is preserved
by such iterations in a general case as well. The directed graph associated with an
iteration of a Markov system is exactly that obtained from the original directed graph
by a procedure which is known in symbolic dynamics as state-splitting (see [17]). It
is not difficult to see that the shifts of finite type defined by two directed graphes
where one is obtained from the other by state-splitting are conjugate. It means, in
particular, that such iterations of an irreducible Markov system produce irreducible
Markov systems with the same period. If we decide to label the edges of the directed

graph of an iteration of a Markov system simply by giving them the names of the
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maps of the original Markov system to which they correspond, then each iteration
produces a softc system, but not a proper one because it defines the same sub-shift
space as the original directed graph. And the difference between them is only in what

we consider as separate vertex sets.

Lemma 1.2.2. Suppose (Aj(e)we,pe)e(E is an irreducible Markov system with an

invariant probability measure p. Then p (Ki) > o for alli = 1,..., N.

Proof. Let i0G V such that p(Kio) > 0. Letj G V such that there is an edge
eo from io to j. Since all probability functions are positive on their vertex sets,

fK., ,Pe0dp > 0. Then, by

~KY) o=

it follows that p (Kj) > 0. Now, let jo GV be arbitrary. Then, by the irreducibility,
there is a path from io to jo in G. Therefore, we see, through a finite repetition of

the above argument, that p(Kj0) > 0. 0



Chapter 2

Contractive Markov systems

In this chapter we assume that (K, d) is a metric space in which sets of finite diameter
are relatively compact. It implies that (if, d) is a complete locally compact separable

metric space.

2.1 Introduction

If we try to represent a Bernoulli process on a finite state space, say {l,...,iV}, as
a Markov process arising from a Markov system, then we find that the underlying
Markov system consists of N contractive maps, each of them maps the whole space

N} on a single point, and some constant probability functions corresponding
to them. Any other Markov chain on this state space can be obtained by changing
only the probability functions. It turns out that the contractiveness of the maps has

deep roots.

Definition 2.1.1 (CMS). We call a Markov system (ifi(e), we,pe)eeE contractive

iff it satisfies the following condition of a contractiveness on average: there exists

12
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0 < a < 1 such that

~>Npe(x)d(we(x),we(y)) < ad{x,y) for all x,y 6 IQ and i € {1,...,1V} (2.1.1)
eeB

(it is understood here that pe's are extended on the whole space by zero and we's
arbitrarily). We call a Markov chain with values in K contractive iff it is determined
by a contractive Markov system. We call the constant a an average contracting rate

of the Markov system.

Definition 2.1.2. We call a function / : (X, d) — =R Dini-continuous iff there is
¢ > 0 such that

m * <00
Jo t

where 4is the modulus of uniform continuity of /, i.e.

O \=sup{l/(®) - f(y)l :d(x,y) <t x,y 6 X}.

It is easily seen that the Dini-continuity is weaker than the Hinder and stronger than
the uniform continuity. There is a well known characterization of the Dini-continuity,

which will be useful later.

Lemma 2.1.1. Let0O< c< 1andb> 0. A real function f is Dini-continuous iff

@
< (bcn) < oo
n=0

where > is the modulus of uniform continuity of /.

PROOF. Note that in any case it holds true that
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As (j) is an increasing function,

ben
Aoty (1 —c) < J POdt < Apen)

6cll+1

for all n 6 NU{0}. Hence

(l-c)f>(W)< [ "*<f> (W )(I-1).
=l 0 n=0

]
Remark 2.1.1. Elton in [8] and Barnsley et al. in [1] considered the case N = 1 with
Dini-continuous probability functions (pe)ee£ which are bounded away from zero,
and Lipschitz-continuous maps (we)eeE such that the system satisfies the following

condition of a contractiveness on average: there exists 0 < r\ < 1 such that
d(we(x))we(y))Pe™ < rid(cc,y) for all x,y € K. (2.1.2)

efE

There is awidely spread view in the literature that demanding condition (2.1.2) rather
than (2.1.1) (with N = 1) would give a weaker assumption. However, this is not quite

true.

The above Elton-Barnsley setup is equivalent to that with condition (2.1.1) (with

N —1) in place of (2.1.2).

Proof. First, observe that the condition (2.1.1) and the boundedness away from
zero of the probability functions (i.e. there exists $ > 0 such that pe > S for all
e G E) imply that the maps {we)efE are Lipschitz. Taking the logarithm of (2.1.2)

and using its concavity reveals that (2.1.1) implies (2.1.2).
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On the other hand, by Lemma 2.6 from [1], the Elton-Barnsley setup implies that
there exist ?i < r < 1 and 0 < q < 1 such that

"y Mpe(x)d(we(x),we(y))q < rd(x, y)qfor all x,y e K. (2.1.3)

e&E
By performing a remetrization d(x,y) := d(x, y)q} which preserves the Dini-continuity
of the probability functions, we can reduce it, without a loss of generality, to the

condition (2.1.1). O

In [1] Barnsley et al. realized that for the proof of the attractiveness of the invariant
probability measure the condition of a uniform boundedness away from zero for the
probability functions can be weakened. They came up with the following condition:
there exists $> 0 such that

23 Pe(w)Pe(y) > S2> Ofor all X,y 6 K. (2.1.4)

e&E: d(we(x),we(y))<rd(x.,y)

In fact, now conditions (2.1.4) and (2.1.3) also cover some finite Markov chains where
some transition probabilities between the states can be zero, but still very few of
those which are known to possess an attractive probability measure. Moreover, the
condition (2.1.4) would not work for the Elton’s proof of the corresponding ergodic
theorem in [8]. So, an incompleteness of their setup is obvious and there is a need for

an extension of it. Contractive Markov systems provide it in a satisfactory way.

Remark 2.1.2. (i) A similar structure was discovered by Kaijser in setup of Random
Systems with Complete Connections (RSCC) in [14]. However, what he calls weakly
distance diminishing RSCC covers only aperiodic CMS’s with compact state space,

(ii) Of course, the contractiveness of a Markov system can be weakened, just as it

is done some times for maps, by demanding that a contraction on average happens
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eventually not after one but after a number of iterations, i.e. there exist r € N and

0 < a < 1 such that
J d(w<'|i:..wz|x,w(>¢...w<'ny)dPx((j) < ad(xyy) for all x,y £ Ki andi 6 {1,..., AT},

where Px is a probability measure which represents the Markov process starting in x
(see Def. 1.1.6). However, such systems, again just as in the case of maps, are not
expected to exhibit a substantially new behavior, but a decrease of transparency of

the proofs, for such systems, can be expected.

2.2 Contractive Markov systems with continuous

probabilities

Now, we are able to prove the first theorem which shows that a CMS, under rea-
sonable topological assumptions which allow the associated Markov operator to map

continuous functions on continuous, has some nice properties.

Definition 2.2.1. We call the partition K\, ...,Kn of K open iffevery Kiyi = 1,..., N,

is an open subset of K. Of course, it means that K must be disconnected.

Theorem 2.2.1. Suppose [Kpepwe)pe)eeE is a CMS with an average contracting
rate 0 < a < 1 such that the family Ki, ..., Km is an open partition of K and each pe
is continuous on Kpe). Then:

(i) The sequence (~*fo&c)fEN Is tight for all x € K, i.e. for all e > 0; there exists a
compact subset Q C K such that U*kbx(Q) > 1 —e for all k € N.

(if) The CMS has an invariant Borel probability measure p.
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(Hi) The invariant probability measure p is unique iff
L\2/j3ng(x) —>f gdp for all x € K andg £ Cb{K).
n k=i J’

(iv) If the invariant probability measure is unique, then

Y j d(x, X{)dp(x) < oo for all Xi € Ki, i=1 , iV.
*=1 /
Proof, (*) Fix x*£ Ki foreachi = 1 , iV. Define

N
f{x) := 7 ; l/f.(a)d(a;, ®i) for all x £ K
2=1

and let C > 0 be such that

r&@d (wedn»(e),®t(c)) < C*

We show inductively that

»V (*0 < 1 —a
forall k £ Nand all i = 1 , N. First, observe that foranyi £ { 1 , N}
N
Uf(Xi) = ‘YAPe(Ni)f °© We{Xi) - vy y p e{Xi)IKj(weXi)d(weXU Xj)
eeE j=1eeE
N
= y Y ] Pe(Xj)d (weXj, Xt{e)) < y p e(Xj)C = C.

j—1 eEE t(e)=j efi?

17
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Suppose U M fixi) < C(1- afe 1)/(l —a) for some k.

starting in xi. Then

N
ka(Xi) = y Paffxi)...peffwek_1...weixi)y 2
(ei,..., e&* 3=1
E A A Pe\ (Xi)' eePek ee-WeiXi)d (IUek..
(ei,..., efo*
N
+ E E pei(®i)...pefcK _ x...W
j~1 (ei ek)*t(ek)=j
N
< N2 yAKjiWen.-lUe.Xi) A
(ei,...,.efc_i)* 3=1 ek,i(ek)=]j
Xd(wek...WeiXi,WekXj) + C
N
- a yyj h<ffwek x...v)eixi)peffxi)...
(ei,....efci)* j=1
Xd (vek_1..weixi,xj) + C
= J— + C =

aUk- If{xi) + C< acH
1—a

Let p:= C/(l —a) and e > 0. Then, by the above,

P

> Ukf(xi)= [foZE£dP Xi= f y
J J j=I
> APx.(d (ZfA\Xj) > ~ forallj = 1,
for all K £ N and for alii = 1 , N. Thus
Pxl (d {z1-,xj) > p forallj = 1
for all kK £ N and for all i = 1, N . Set
N
Q*:=

18

Denote by (ei,e*.)* a path

IKj{wek...weixi)d (wek...weixh xj)

\WeiXi, 'IUefciCj(efc))

ei Xi)d (wekxi(ek)) xj)

Pel(xi)...pek(wek_1..,WetXi)

pek 1{wek i...weixi)

(2?2,*,)"

iv)

CIV) < e
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where Bpk(y) denotes the closed ball of radius p/e and center y. Then Qe is compact

(note that, since Z% are measurable, all sets considered here are measurable) and

forall k € Nandi = 1,..., N. As desired.

(ii) Define an operator

and let Un* be its adjoint operator on P(K). Fix x G K. By (i), the sequence
(Un*6()neN is tight also. So, it has a subsequence Unm*5x which converges weakly* to
a Borel probability measure, say p. By the hypothesis of the theorem, the Markov
operator U maps continuous functions to continuous functions. Therefore, its adjoint

operator U* is weakly* continuous. Hence,
U @nms) N u*p as M-> oo.

However, since

i Antl b
— E uks(x)- unm9x) < — 2ldll for all g G CB(K).
nm tZo nm

We conclude that

U*p = p,

i.e. p is an invariant Borel probability measure on the CMS.
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(Hi) Suppose p is the unique invariant probability measure. Then, by the above,

1 C
— Ukg(x) — gdp for all x G K and g G Ch(K). (2.2.1)
n &i J
Conversely, if (2.2.1) holds true, by Lebesgue’s Dominated Convergence Theorem, it
implies that

, n
- V. U*KkA~™ p for all AGP(I<).

Again, by the weak*-continuity of U*, this implies that g is the unique invariant Borel

probability measure.

(iv) Fix Xi GKi foreachi = 1 , N. Let v be the Borel probability measure on I<
given by

V(A) := £ B5Xi(A) for all A G B(K).
i=i
Define Jr := min{/, R} for R > 0, where / is the function from (i). Then every /r
is a bounded continuous function on K by the assumption of the theorem and, as in
proof of (i),
r N
UKfRAu<Y ,U hf{x()<N p
J i=l
for all K GN and R > 0. Therefore,
n

f- :fRdv < Np
J k=1

for alln GN and R > 0. By (in) and Lebesgue’'s Dominated Convergence Theorem,

this implies that

J fRdg < Np for all R > 0.
By Levi's Theorem, we conclude that
\] fdp < Np

as desired. O
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2.3 Contractive Markov systems with Dini-

continuous probabilities

We intend to show here that Feller contractive Markov chains with probability func-
tions which are Dini-continuous and bounded away from zero on their vertex sets

exhibit a mixing behavior which is similar to the finite Markov chains.
The next lemma is a generalization of Lemma 2.5 from [1].

Lemma 2.3.1. Suppose (I'fye), ule,pe)e6S is a CMS with an average contracting rate

0 < a < 1 such that Pe\i<t” is Dini-continuous for all e 6 E. Then, for every

/ 6 Cc(K), the functions (~rd]jci)neNUSo} are uniformly equicontinuous for all i —

PROOF. Let ge be the modulus of uniform continuity of pel/i) for each e 6 E.

Note that each (fe is non-decreasing and 4e(t) < 1 for all t. Set

t ,o0<t<1

1 ,t>1

and 6 := ma>{<} It is clear that d>is also non-decreasing and satisfies Dini’'s
e&EU{0

condition.

Let / 6 Lip(K) and JUI < 1. Then there is C > 2 such that
1/0) - f(y)l < Cd(x,y) \fx,y e K.

Set L max {Li,..., Ljv} and
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where L v C := max{L, C}. Then /?(0) = 0, and is continuous and increasing. By
the Sublemma from [2], increasing O if necessary, we can assume that (3 is concave.

Further,

ta_1

>\ t N\ Lv C u L <) . . [N
iy - fl = \]f Q()du>— a’\J)()i a - 1) N
t
Hence

/5(at) + £<5E) < 12(£) for alH > 0.

Note that, for 0 < t < 1,

pity >c f'2-du >c fdu=ct,
Jo« Jo

and, for t > 1, /3(t) > P(l) > C > 2. Therefore, -
I'M ~ /M1 < P{d(x,y)) for all 6 AT

As an induction hypothesis for some n E N, assume \Lh~1f(x) —t/n_1/(2)]
< fi(d(x,y)) for all x,y € Ki,i = 1, TV Letrcy 6 AT for somei 6 {1,...,A}.
Then, since /? is increasing and concave,
Li
lu(et-¥) (*)-y (y™-') il < y>:;(z) ly"' /KW ) - et-vyK())I

Li
- pv(v)\
3=1
Li
< ANZPiAx)P{d{wij{x),u>v(y)) + Lid>(d(xty))
3=1

< (3{ad(x,y)) + LO)A(X, Y))

< d@22)).

Hence, (T 14c®  y{o> are uniformly equicontinuous for each i = 1,..., AA
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Since Lip(K) D Cc(K) is a dense subset of (Cc(K), [I1]) the claim follows by an

e/3-argument. . O

We will need to know more about properties of irreducible directed graphs. The

following Lemma is a generalization of Lattice Theorem (see Theorem 4.3 in [6]).

Lemma 2.3.2 (Lattice Theorem). Let an irreducible directed graph with period d
be given. Then for every finite path (ei,...,en) of the digraph, there exists mo > 0
such that for all integers m > mo there exists a closed path of the length md which

has (ei,..., en) as a part and starts with e\.

Proof. Let A be the set of all k E N such that there exists a closed path of the length
k which has (ei,..., en) as a part and starts with e\. Then A is closed under addition.
Since the digraph has period d, the greatest common divisor of numbers from A is d.
Therefore, the set A contains all but a finite number of of positive multiples of d (see
Theorem 1.1 of the Appendix in [6]). In other words, there exists mo E N such that
for all m > mo there exists a path of the length md which has (ei, ...,en) as a part

and starts with e\. O

Lemma 2.3.3. Let an irreducible directed graph with the set of vertices V and period
d be given. Fixi EV and let Vi be the set of all ordered pairs of vertices (a, 3) EV xV
which are accessible from i by paths of the same length. Then there exists r E N such
that for each pair (a, (5) E V* i is accessible from a and (3 by paths of the same length

less than or equal to dr.

Proof. Let (a, (3 E Vi. Then there exist paths sa and sp respectively from i to a
and from i to (3 of the same length, say n™p. By the Lattice Theorem, there exists

ma E N such that for all integers m > ma there exists a closed path of the length md



CHAPTER 2. CONTRACTIVE MARKOV SYSTEMS 24

which starts in i and has sa as a part. Analogously, there exists mp ¢ N such that
for all integers m > mp there exists a closed path of the length md which starts in i
and has sp as a part. Set rap := max{ma,mp) and r := max”p)&.rap. Then there
exist two closed paths of the length dr which start in i and one of them has sa as a
part and the other has sp as a part. Hence, there exist two paths o.f the same length

dr —nap < dr where one of them is from a to i and the other is from (3 to i. O

The next lemma is a generalization of Lemma 2.7 from [1]. It uses a well known
technique of coupling, the main idea of which is to put as much mass as possible close

to the diagonal of two processes, see [14] and [15] for more on that.

Lemma 2.3.4. Suppose {fKi(e),we,pe) e E is an irreducible CMS with an average con-
tracting rate 0 < a < 1 such that peN<{g) is Dini-continuous and there exists 5 > 0
such that peN<fe) > $for alle ¢ E. Then:

(i) For every f ¢ Cc(K),

lim IUnf(x) —Unf(y)\ = O0for all x,y ¢ IU andi ¢ {1,..., N}

71—KX>

and the convergence is uniform on bounded subsets.

(ii) If in addition the CMS is aperiodic, then for every f ¢ Cc(K)

lim Unf{x) —Unf(y)\ = 0for all x,y ¢ K

71—KX>
and the convergence is again uniform on bounded subsets.

Proof. Let S ¢ K be bounded. We can assume SD Ki ~ o for all i = 1,...,Jv.
Since each probability function pe is bounded away from zero on K”¢), the average

contractiveness condition implies that each map weYq( is Lipschitz. Hence, there



CHAPTER 2. CONTRACTIVE MARKOV SYSTEMS 25

exists C > 0 such that *
r&%xd(wexi(e),Xt(e)) <G
for all Xi £ SfIKi, i = 1 Let Xi,yi £ S DKi for each i = . Fix

i,j £{1, Set

E* x E+ = {e := (ei,ex82,...) |(ei,e2,=.) £ S+,(ex, 82, £S+}

1
m
+

and let P* "= PX $Pyj be the product measure on E*. Thus, if we define
Zn(e) := weno ..owei(xi) and Z%>(e) win o ... o wSl(yj) on E¥*,

then zf+~ and zn are independent Markov processes with initial distributions respec-
tively S4 and 5yj and Unf(xi) —E (f 0 Zz”) for all/ £ Cb{K), where the expectation
means with respect to the measure P*. Let a > o0 and for each m £ N let Gam be

the set of all e £ E* such that

Sist. Z%{e),Z%(e) s Kh d(z£(e),Z«(e)) <aandd(z?'(e),Z*(e)") > a

for all 1 < m.

Then (Ga>m)neN are disjoint. Further, for each n £ N, set

n

BarS<\ |J

771=1

Denote by Bmthe a-Algebra in E* generated by Z” , ..., Z%"* Z\3,..., Zm. Then £
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Bm. Now, for / E Cc(K),

Unf(xi)-U "f(yj) = Ef(Z*<)-Ef(z%)
= E s[ i (3?)-1(3?))
771=1
= E S [IG.,m (b (/ (z*)*U - B (/ (z») 16m))

771=1

Further, note that for n> m

E (/ (zZn)\ Bm)

1T PYHAZrn)-Pen(w ~ O.. OWe,I+1z%)
(emti,....en)
X 1 (<)... O... OtuemHZ*")

= U"-mf(Z%).
Therefore,

Unf(xi) - Unf(yj) = E B [IGom(>-"7(ZE£) - (Z%))'

771=1
+B [Is,,.(/(*)-/(~))' =
Let e > 0 and choose, by Lemma 2.3.1, a > 0 such that for allu,vy EiCz, /=1 , N,
d(u,v) < o; 2> |£/"/(i0 —~n/M 1 < B6f°raUn € N.

Then

ICT/fe) - £/»/(to)] < Y , Ho,,me] + E [1b,,,21Y]1] < e+ 2 [IP* (Ban) .

771=1

Thus, the proof of (ii) will be complete when we prove the following
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Sublemma 2.3.5. Suppose the CMS is irreducible and
(iyi=j or
(ii) the CMS is aperiodic.

Then P* (Ba,n) — *0 as n —#moo for all a > o and the convergence is uniform on S.

Proof. First, observe that

e&E

iS R&AYNY) [d (weZhl, wex™e™ + d(weX{" ,&He))]

< ad (Z*\xt{en)) PC
for all n G N. Therefore, for any natural numbers n2 > ni,

E{d{Z Axtr Y\ZMN)= E[E{d{Z% x?*)\Z% t_D)\2%\

| < o.E[d
Repeating that we are led to
E (d(ZZ,x«e,))\ZE) < YL - + ac-">d

Now, let s > 2 be the largest Lipschitz constant of the maps we¥f.(e), e G E. Then,

for all n G N,

d (%n >ten)) — ~ (“en”™nLl) ~en”™Ken-1)) ~b L(tyen'Q(en_i)) ~(en))

< sd (™nli, ~t(e,_i)) + C-P -a.e..
Repeating it we get

d{ZI\xtM) < < snC P*-a.e.



CHAPTER 2. CONTRACTIVE MARKOV SYSTEMS 28

Hence
E (d(ZE>**,>,))! K<Y P*-a.e.

Set
= 121l
logj
and let 722 > 7711. Then

2C A
B (d(ZS,*«K2)| S3) < 1~ = A

So, by Markov inequality,
pP* (d(Z%,xKeni2p Al X£) < i P*a.e.

Analogously,
p* {d(Z»i,Vt(*,2r AZ") < P*ae.

Since (™ ) ngN and ( ) are independent processes,
\ /' nGN

P* (d(Z% ,xtM ) < Aand d(Z«,yte,a) < a]ZJ.Zw) > i P'-ae..

Note that the average contractiveness condition,

~n2 pe{u)d(tueu,wev) < ad{u,v) forallit,€ A* i=1, iV
eES
implies that for every w,u 6 Ki, i = 1 , N, there exists eo € E such that d(weQu, Weol)

< ad(n, u).

Now, in case (i), by Lemma 2.3.3, there exists r > 0 such that for any pair of vertices
accessible from i by paths of the same length there exist paths from them to i of an

equal length less than or equal to dr, where d is the period of the CMS. In case (ii),
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i.,e. d = 1, there also exists r G N such that there are paths of length equal to r

between any two vertices. In both these cases, it implies that
P* (3ist ZI''Z% 6 K41Z ™ ,Z ¥ dn) > S* P’-ae.
for all n > dr. Therefore, by the Markov property,
P" s.t. ZnR, o > S2dr P*-a.e.
for all 12> dr + n\. Since each weX@ is Lipschitz, there exists pdr > 0 such that
max d (wedr o ... o weix”ei), w& 0 ... 0 10gj™gj)) < p*-

for all Xi,yi G /*Q\S, i = 1, where the maximum is taken over all paths

(ei, ....edr)* and (8i,..., e™r)* of the directed graph.
Now, choose k so large that ak (strX+ pdr) < Let n2 > yni + dr -f k. Then

P*ne2l=¢e2(and d(2€_,Z®_)<adiz ", Z"-,-i)

forall 1=o0,..,/c—1 zux~nx) > 52Afctfr) P*-a.e. (see Fig. 3).

vertices S o . _qi -
i

ni 12—k —dr n2 —k n2 time

Fig. 3
Then, by the above and the Markov property,
P* (en2i = ens-ii diZzz™Z o all
Z= 0,..., fc—1, d{Zz~2 k drXten2 k d)) < A and

d(ZZ_k dryt™ _tir) < Aty;,£g) > lk**e*> P*ge..
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Observe that

d < d(Z%_kiwen2 ko ... owen2 k dr+ixtfen™ k dr)) + p*

+d (Metl2_t O ... O'ren2_fc_dr+iyt(gn2_A dr), ~ 2 -fc)

< S~7d (z nA_k_dr, ®t(e,2_*_*=))  Pdr+ s d (yt(en2-k-dr)> AA-k-drAj
P*-a.e.. Hence,
P*(d(Z2*3*) < ak(2sdrX + §Z£,Z2g) > j<E2(H+Ir) P*-ae..
Thus
P* (d(Z£,JW) > a | zg,Zg) < 1- P*-a.e..

Now, choose a sequence ofnatural numbers ni,ri2, ... such thatn*+i > 7n*+dr + &

for all t 6 N. Then, by the above and the Markov property,

/ 1 \ m—t
P* (d(Z£,Zg) > a,t=1,...mj < (1 - -S2&%+dr)J for all m e N.

Hence
\m1

/ 1
P* (Pa,,) < (1 - ifn> nm.
Thus, P* (B™n) ™~ 0 asn->00 and convergence is uniform on S, since 7,r, Adon’'t

depend on the choice of X{;yi € S, i = 1,...,iV. O

Definition 2.3.1. A measure y 6 -P(AT) is called fl/ie attractive measure of the CMS
iff

U*nv £ y for all v €P (X). -

Note that the attractive measure is the only invariant probability measure of the
CMS if U* is weakly* continuous, which is true if U maps continuous functions on

continuous functions.
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Theorem 2.3.6. Suppose (Ki(€),we,Pe)eeE Is an irreducible CMS such that

is an open partition of K, peNd{c) is Dini-continuous and there exists 5 > 0 such that
Peljg@© > 5 for all e G E.- Then:

(i) The CMS has a unique invariant Borel probability measure p.

(i) If in addition the CMS is aperiodic, then
Unf(x) —p(f) for all x K and f G CB{K)

and the convergence is uniform on bounded subsets, i.e. p is an attractive probability

measure.

Proof, (i) Fix x{ ¢ Ki for all i = 1, Since the sequence (U*15x.)neN is

tight, (I/nSJLi ~N*I$ci)reN is aso fight for all i — 1, ...,iV.Hence, there exists

an increasing sequence of natural numbers (riklkeN such that, for each i — 1, ...,1V,

U*I&*i)ken convei'ges weakly* to a Borel probability measure, say //*, i.e.
i nk
lim — VvV Ulf(xi) = pi(f) for all / € CB(K) and %G {1,..., N}.
k=0 My o

Since, by Lemma 2.3.4 (i), for every / G Cc(K),
n“—'|1=k> lUnf(xi) —UNf(jji)]= 0 for allyi G Ki and i G{1,...,iV},

we conclude that for every / G Cc{K)
i nc n
lim — V'UKf(x) =y> (/)W *) forall x €

Since, for every x, we deal here with convergence of Radon probability measures on

a locally compact metric space, it implies that

,  ttfc n
lim — V UIf(x) = y'ft(/)1jfi(a) forall a € if and all / e CB(I<). (2.3.1)
1=1 i=i
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Define a linear operator Q : Cb{K) — >Cb(K) by

n

Q(f)y m=X > (/)1 * forall/ 6 Gb(K). (2.3.2)
i—
Then, by (2.3.1),
QU= Q
and therefore
Q2= Q. (2.3.3)
Now, by the definition of Hu U*Hi — Hi for all i = 1,...,iV. Since the CMS is

irreducible, this implies, by Lemma 1.2.2, that Hi(Kj) > 0 f°r hd ~ I»**>N.

Now, let / G Cb{K) with / > 0. Then, by (2.3.3),

n n / N \ N
=53N" j hu = (-Ki)
i-i i=i  \j— J ij=i
ie
N
i*(f)= toW i* (kj) for a1 *= Xx»es>wy,

j=i
Suppose there exists iqg such that Hio(f) < ~ax”fij(/)= Then, by the above,

AM(jf) < Ig}g)& Pj(f) for all* = 1,...,N,
which obviously can not be, true. Hence
Mi(/) = Pj{f) forallij = 1,...,N.

Let h := p;i. Since / G Ch{K) with / > 0 was arbitrary, we conclude that all Hu

i—1,..., N, are equal to /i. Hence,
1 nk
!im — Y .,C/*(s) = n(f) » allrcGK and f 6 Cs (/"). (2.3.4)
Ki=i
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Suppose there exists A £ P{K) such that 1A= A Then also

s nk
— u*\= Afor all teN,
Ki~I

but applying Lebesgue’'s Dominated Convergence Theorem to (2.3.4) implies that

Thus, A= (i, i.e. f}, is a unique invariant Borel probability measure of the CMS.

(i) Let x £ K. By Theorem 2.2.1 (i), the sequence (U*nX)reN is tight. Therefore,
there is a subsequence (U*nkbx)keN which converges weakly* to a Borel probability
measure, say fi, i.e. Unkf(x) —/z(/) (k —o00) for all / £ Cb(K). Since, by Lemma
2.3.4 (ii), Mnkf(x) —UWF(y)\ —» 0 for all y £ K and for all / £ Cc(K), it follows

that Unkf{y) —*/.i(/) for ally El<and / £ Cc(K).

Let e > 0. By the tightness of (L™n£T)n6N, there exists a compact Q C K such that

U*n5x(K N\ Q )<e for all n £ N. Hence

{z*eK\Q} {zfjeQ}

for all g £ Cb(K) and all n £ N. Let/ £ Cc{K). Since, by Lemma 2.3.1, the
functions {Unkf\Ki)keN are equicontinuous for each i = 1,..,1V, by Arzela-Ascoli
Theorem, there exists a subsequence, without loss of generality (Lmf/) AeN which

converges uniformly on Q. Hence, there exists ne > 0 such that

11~/ - m()llq < £for all k > ne.
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Thus, by the above,

\Unf(x)-K f)\ \Un-nHUNKf-M ) (*)\

N

AW + rif)) + \Wnkf-rtf)\\ Q

A\

e(1/11+M/) + 1)
for all n > n,£ Hence

unf{x) —*J fd/x for all x GK and / G Cc{K).
This also implies that

Unf(x) —>J fd/j, for all x GK and / G Cb{K),

the convergence is uniform on bounded subsets by Lemma 2.3.4 (ii). By Lebesgue’s

Dominated Convergence Theorem, we conclude that
U*nv (I for all u G P(K).
O

Example 2.3.1. Every irreducible finite Markov chain is a contractive Markov chain

satisfying the hypothesis of Theorem 2.3.6.

Example 2.3.2. Consider for simplicity R2 to be normed by ||]]i Let K\ := [0,1] x

[0,1], 1< = [0,1] x [3/2,2] and K3:= [3/2,2] x [0,2]. Consider the following maps
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with ‘probability functions

1 3 2 1
Pi := P2 ;= N1/0 ) P3 e= P4 = P5 e= 1/f2-
An easy calculation shows that they define a CMS with an average contracting rate
8/9 on K\ UKZ2uU K3 as it is shown on Fig. 4, which satisfies the hypothesis of

Theorem 2.3.6 (ii) and does not satisfy the hypothesis of Theorem 2.1 in [1],

I<s
w3
w2 i
K1
Wi
Ki
w5
1
Fig. 4

WA contracts K\ in the x-direction, expands it in the y-direction and maps it onK 2;
w2 contracts K\ in the y-direction and maps iton 1(3; w3 contracts K 3 in the x-
direction, rotates it 90° clockwise and maps it on the middle dashed rectangle in 1(2;
w,i contracts I(3n the y-direction and maps it on the upper dashed rectangle in K\;

rotates K2 90° clockwise, contracts it and maps it on the bottom dashed rectangle

in K\. Note that w8 is the only contractive map here.

Example 2.3.3. Let G := (V,Eyi,t) be afinite irreducible directed (multi)graph. Let

Eg be the set of all one-sided infinite paths a := (..., cr_i, <lo) of G (one-sided subshift
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of finite type associated with G) provided with the metric d(a, a’) := 2k where k is the
smallest integer with <= [ for all Kk < i < 0. Let g be a positive, Dini-continuous

function on Ea such that

N2 9{y) = 1forallxeE G
yG.T~1x

where T is the right shift map on Eg- Define, for everyi e V,
Ki:= {a € SG:t(a0) = t}
and, for every e G E,
we(a) = (..., (3 ctg, e), pe(a) := g(...,a-l,aQe) for all a G K”e).

Obviously, maps {we)e€e o,re contractions. Therefore, {Ki(e),weipe) E defines a CMS
which satisfies the hypothesis of Theorem 2.3.6 and does not satisfy the hypothesis of
Theorem 2.1 in [1]. Hence, Theorem 2.3.6 (ii) covers Theorem 3.1 in [2f] (there,
it was assumed that + n)) < oo wtere $ is ~ie modulus of uniform
continuity of logg w.r.t. metric d'(a,cr’) — 1/ (Jc] + 1) (k is the sam,e as in the
definition of d) which is equivalent to the Dini-continuity of g w.r.t. metric d, since
logx < x —1). The invariant measure of such a CMS is called a g-measure. This

notion was introduced by M. Keane [16]. See [4], [10], [11], [22] for more on that.

2.4 Contractive Markov systems with constant

probabilities

For many applications, it is sufficient to consider the subsets K\, to be compact

and each probability function pe to be constant and positive on Ki(e) (as in Example
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2.3.2). For such systems, an easy proof can be given to show that their long term
behaviour is analogous to the finite Markov chains by using some well known facts
about stochastic matrices. We are going to present such a proof here. In addition to
the results in the previous section, we show here that the rate of convergence to the

stationary state is exponential in the aperiodic case with the above assumptions.

So, let the subsets I<i,..., Kmbe compact and each probability function pe be constant

and positive on K”~e) and zero on the complement to K”e).

Remark 2.4.1. If N = 1 and all maps we are contractive, then we get the case

considered by Hutchinson [12].

Since with each edge e there is an associated probability weight pe, the directed.graph
describes in particular a finite Markov chain with the state space V and transition
probabilities

ciij := n2 pe for alli,j EV,
eeEti(e)=z, t(e)=j

provided that an initial probability distribution r := (ri, ...,777) is given on V. Then
the probability distribution on V at each following time is calculated by multiplying
the distribution at the previous time as a row vector from the left with the transition
matrix

A = - . (24)
At this point, it is appropriate to remind ourselves of some definitions and facts about
finite Markov chains. Good references for that are e.g. [5],[6]

Definition 2.4.1. (i) A finite Markov chain and its transition matrix A are called

irreducible iff for all i,j 6 {1,...,iV} there is n e N such that ay(n) > o where
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(0=ij(ri))1<ij<N An. Since aij(n) is the probability for a transition with n steps
from i to j, the irreducibility means that for alH,j € V there is always a finite path
from i to j in the directed graph.

(i) An irreducible finite Markov chain and its transition Matrix are said to have
a period d iff their directed graph has a period d, i.e. the set of vertices can be

partitioned into d non-empty subsets Qi, Oz, ..., Ad such that

i(fe) Gflj =at(e) GfA+i nodd

for all e G E and d is the largest with such property. An irreducible finite Markov

chain with period 1 is called aperiodic.

Theorem 2.4.1. Let A be an irreducible, stochastic N x N-matrix. Then there
exists a unique probability vector ro such that ?0A = tq. Furthermore, To* > o for all
i—1 , AL If the matrix is in addition aperiodic, then there exists A G [0,1) such

that

[FAn—7al < Anx(?V'o) for any probability vector r and n G N, (2.4.2)

where )

and A is the positive square root of the second-largest eigenvalue of the matrix AA

where A := D~IAD and D := diag{roi, ...,royv} if N > 2, or A= 0 if N = 1

Definition 2.4.2. A finite Markov chain with the property (2.4.2) is called histori-

cally geometrically ergodic. y )

For a proof of Theorem 2.4.1 we refer to [6] (Theorem 3.4, p. 211).
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Now, consider an equivalence relation on P (K) given by
H v :<<$m (Ki) = is(Ki) Vi g {1,..., IV}.

Let Urefl = be ~ie partition of P (K) which is imposed by the equivalence

relation with the set of equivalence classes

P(K)Y,s Rm=](n,....,rN)e KN:][>,=1r, > OViJ .

For convenience we consider R to be normed by [Il]i

N
H i ] reR-
=1

Further, we define a metric L on each equivalence class Mr which generates the

weak*-topology on it. Set
S(I<) := {1/ GC(K) : VI < i< N Vx,y GKi J(*) - f(y)\ < d(x,y)}
and

L(/i,v) := sup Fi(f) —/-'(/) |for X, v G Mr, r G R.
fes(i<)

Remark 2.4.2. Obviously LQu,u) > L([a, v) for /z,v G P{K) where L is the metric

used by J. Hutchinson (see [12])

L(py) = sup \M)-v(f)\,
Lip(fi<l

where Lip(f) is the Lipschitz constant of /. It is well known that L generates the

weak* topology on P (K).

If ji and v are from different equivalence classes then L(p, v) is infinite.



CHAPTER 2. CONTRACTIVE MARKOV SYSTEMS 40

Proposition 2.4.2. L is a metric on Mr which generates the weak*-topology on it

for every r ER, and

L(/qg v) < 2maxdiam(Ki) for all g,v E Mri r ER.
1

Proof. Let r E R. We show first that L is finite on Mr.

Let /i,v E Mr, /| G and Xi EKi VI <i < N. Then
N

IM/)-" (/)1 <
i—1

M~ n N [IMQX/ - ljal/zi))] + Hi#,/ - W(zi))]]
i=I
IN
< [diam (/Q) g (Kf) + diam (Kf) v (-K*)]
Z=1
< 2max diam(Ki).

This shows that L(g}is) < 2 miaxdiam(Ki).
By Remark 2.4.2,
L(g,uy=0 =g=w
The remaining metric properties are obvious.
Now, we verify the equivalence
gk”™ g L(gkKyg) -> 0, for IXigg E Mr.

The direction “<€& holds true by Remark 2.4.2. For “=a', let g g E Mr with gk g.
Suppose linifcMoo L(gk,g) ™ 0. Then there are e > 0 and a subsequence, without a loss
of generality, (gk)ken such that L(gk,g) > e Vic G N. Hence, there exists a sequence

(A)fcew C S(K) such that

WW-/*(A)I>fiVfeGN. (2.4.3)
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Fix Xi EKi foreachi = 1 , N. Then the sequence (fk-fk(%i)) is equicontinuous and
bounded on I<i for each 1 < i < N. By Arzela-Ascoli Theorem, it follows that there
exist G E C(Ki) for every 1 < i < N and a subsequence, without loss of generality,
(fe)fceN such that J(fk - fkfa)) ~ 9N\ 0 for all i. Define g := EilitfA/q (with

an arbitrary extension of gi on K). Then g E C(K) and

N w
=1 i=l
Thus
A
MA) - MAI =M
2-1 2—1
LY
< +Mg)-Kg)l O
which is a contradiction to (2.4.3). L]

Lemma 2.4.3. (i) For any r E R there exists s G R such that U*p G Ms for all

p G Mr. Thus, the operator U* defines a map T through

T: R —>R

ri—*(U*fi(Ki)i..., U*p(K~)), where p G Mr.

(if) For allr ER

T(r) = rA,

i.e. U*v G Mra for all v E Mr, where A is the transition matrix (2.4-1).

Proof. Let p(IU) = v(IU) =: n for alli= 1,..., N. We show E/*/z(J<i) = for

alli=1,.., AL
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Foreachis {1 , N},

U*fJ,(Ki) = IKiowed fi= Pet*(Ki{e))

o8 B, o&F, 1(6)=i

which implies (i) with
TnNi= 22 peTie) for all i = 1,..., N.
eSE t(e)=i

Thus, the map T is linear. Applying T to the natural basis (ej)~=i C R,
j —th position

J
ej :=(o, 0,1,0,...,0), gives

(Tej)i = Pe = aj*for a11 *>3 e {*>—>N}'
eeE, i(e)=j, t(e)=i

This shows that the representation matrix of T is exactly the transposed matrix of
A. Hence

T(r) = rA forall r € R.

O

Definition 2.4.3. We call a general Markov chain on a compact metric space K and
its transfer operator U* geometrically ergodic iff there exist a fixed point /to of U*

and numbers H > o, Ae [0,1) such that

L (U*nv, /t0) < \nC{v,/to) for all v 6 P{K), n> H and some C(v, /t0) > 0.
Note that the Definition 2.4.3 is consistent with the Definition 2.4.2.
Theorem 2.4.4. (i)

L([/*n/t, U*nv) < anL(/t,v) for all /t,ve Mr, r ER, n 6 N.
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(if) For allr GR,
rA —r 4=~ there exists a unique p G Mr such that U*xp —p.

(in) If the matrix A is aperiodic, then there exists a probability measure po € P (K)

such that for m large enough
L(U*mv,pQ<C (r,rQ\im
where
C(r,?0) := diam(K) (x(r, rQ + 2a-1/2) ,
ro= (pQKi),... pAKN))

and

Ai ;= max{A, a} 12

where A is the positive square root of the second-largest eigenvalue of the matrix AA
(as in Theorem 2.4.1) if N >2, or A= 0 if N = 1. In other words, the operator U*

is geometrically ergodic.

Proof Let p,v G Mr for somer GR and/ G S(K). Then, forallic{1 , N} and

X,y G IQ,
1 ~ -
_ Pef © \\EM Pef © Weh < 3 z>—* ped(we(x),we(ij))
© enE, i(e)—i “ e£E, i(e)=i * e€iE, i(e)=i
< dxy),
i.e.
—_—~ o v
~Y IR ° V¢ 6 S(K)

e&E
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Therefore

1{/>() - tvHi

Hence

Thus the claim in (i) follows inductively by Lemma 2.4.3.

The claim in (ii) follows from (i) by Banach’s Fixed Point Theorem and Lemma 2.4.3

because "~-equivalence classes are weakly*-closed.

Now, let the matrix A be irreducible and aperiodic. Then by Theorem 2.4.1, there
exists a unique fixed point ro € R of A and it has the following properties: ro* > o

for all i —1,..., N and there exists A £ [0,1) such that

[IrAn —ro] i < x(r>?0)Anfor allr £ R, n £ N.

Therefore, by (ii), the operator U* has a unique fixed point fio £ Mro. Now, let
v £ P(K) be arbitrary and r £ R such that v £ Mr. Since r0i > 0 for alH = 1,..., N,

there exists H £ N such that !

U*nv (Ki) > Oforalli= 1,..,N andn > H.

Define a sequence (v7yn>H hi Mro by

U*snv(B NIQ . .
isn(B n I<i) := . roi for all Borel B C K andi= 1,...,N.
U*nv(Ki)

Denote by (el}..., ek)* a path of the directed graph of length k. Then, for / £ C(K)
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with Lip(f) < 1 and with n> H,

w k+np (f) - ir*wn(f) Y Pei-P ekU*niy{f OWek O...OWei)

~ Y  Pei-Pekvn{f °"Wek°® -O W ei) (*).

Set, for an abbreviation, gei..ek 'm=f ° wet® ° wei —/ ° wek ° ... 0 iyei(a;0) for some

ao e K. Then \gi..ek\< diam(K) and

(*) = A A Pei™PekU v {get...ek) ~ ' Pe\---Pek”n (gei...ek)
N
< Y Pei-PekY I 9el..tkdUmv ~ \]
=l g 1 Ki
- ro
(ei,...,efg* *=a £

< Y Pei-Pe* IM" ~ rO]lidiam(K)

A

diam (K)x(r, ?0)An.

Hence

£ (7*vn) < diam (K)x{r,rOx".

Thus, by Remark 2.4.2,

L Po) < £ (IT*+V, £/*Vn) + L (y*~n, Po)

. < diam(K)x(r, rOA* + L (™o
By (i) and Proposition 2.4.2,

L (u*k+nu, < diam(K) (x{rHo)*n + 2af) .
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Now, let m G N such that [m/2] > H where [M/2] denotes the greatest natural
number less than or equal to m/2. Then m —[m/2] > m/2 and [m/2] > m/2 —1/2.

Therefore, by the above,

L (U*mv,no) < diam(K) (x(r, r0) + 2a[m/2))

< diam(K) (x{r>ro)~T J 2a~~-" .

Define
C(r, ro) := diam(K) (x(r, ro) + 2a 12
and
Ai := max{A, a}¥2.
Then
L (E/*mi/,/i0) < C(r, ro)Aim.
This proves the claim in (in). O

Now, we are able to calculate a relative rate of convergence to the stationary state in

Example 2.3.2.

Example 2.4.1. By Theorem 2.4-4 (ni)> a simple calculation shows thatfor the CMS

from Example 2.3.2

L {U*mu, /no) < G(r, r0) foralvs P(K)>

where r = (v(K\), ~(Kz), v(Kz)) and rO— (4/10,3/10,3/10).



Chapter 3

Coding map for a contractive Markov
system

In this chapter we continue development of the theory of contractive Markov systems.
We show here that the coding map is well defined for a contractive Markov system.
First, we construct it with respect to an outer measure on the code space. Then we
prove that it is also defined almost everywhere with respect to a generalized Markov
measure if the probability functions are Dini-continuous and bounded away from zero

on their vertex sets.

3.1 Introduction

In Chapter 2, we introduced a theory of contractive Markov systems (CMS) which

provides a unifying framework in so-called "fractal” geometry.

The coding map is an important tool in "fractal” geometry which allows one to

represent a constructed set as an image of a code space under this map, that is, to code

47
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elements in this set by infinite sequences of elements of E (e.g. n-adic coding of the set
[0,1] or binary coding of Cantor set). Such a coding map can be easily constructed
for any contractive Markov system if all its maps are contractive. However, some
fundamental difficulties arise in case of a general contractive Markov system. We
overcome these difficulties by constructing an outer measure on the code space with

respect to which we then define the coding map.

This coding map will play an important role in next two chapters.

3.2 Construction with respect to an outer measure

Let (Ki(e),we)pe)eeB be a contractive Markov system with the average contracting
rate 0 < a < 1 and an invariant Borel probability measure /i. We assume Ki, ..., Kn
to be any disjoint non-empty Borel subsets of a complete metric space such that
K = (Jees-"fe) closed, the set of edges E to be finite. We do not impose any

conditions on the directed graph.

Let E := {(..., e_i,e0,ei,..) :ece E Vi € Z} and S be the left shift on E. Denote by
A the finite <r-algebra generated by the partition {o[e] : e 6 E} of E, and define, for
each integer m < 1,

+00
Am: =y S~U,

i=m

which is the smallest <r-algebra containing all finite cr-algebras VILm S~IAyn > m.
Let x 6 K. For each integer m < 1 let P?A be the probability measure on the

d-algebra Am given by

P?(m[emt....ed) - Pem(x)Pemt+l{™mW )-Pe, K n x©... 0 WGm{x))
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for all thin cylinders m[em, ...,en], n>m .

Lemma 3.2.1. Letm < 1 and A GAm- Then x »=» P™{A) is a Borel measurable

function on K.

Proof. Set
V :={A GAm-K 3 x i ®P™(A) Borel measurable } .

Then, by definition of P™, V contains all thin cylinders of the form m[em, ..., en], n >

m, which generate Am. Furthermore, obviously it holds true that

Eef>,

AeV ~ ENAeV

and, for any pairwise disjoint family (An)mn6N ¢ X5

An € X5
nEN

i.,e. V is a Dynkin-system. Hence, V contains the Dynkin-system which is generated
by the thin cylinders. Since the set of the thin cylinders is fl-stable, it follows that

D —Am- H

Definition 3.2.1. Let u G P(K). We call a probability measure 4m(z/) on (Em)
given by
= J PEAmM,

the m-th lift of v.
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Definition 3.2.2. Set

for5¢S, Letve P(K). Wecall aset function given by

the lift of p.

Lemma 3.2.2. Let v, AGP(K). Then
(i) $(V) is an outer measure on S.

{ii) f$m(p) $m(A) for all m < 0, then $(A).

Proof. It is obvious that <I>("™)(0) = 0.

Let B\ C C S. Then C(-Bi) D C{Bf) and therefore

Now, we show

for all Bi C £, i € N. We can assume that the right hand side is finite. Let e > 0.

Then for every i € N there exists (Aim)m<0 G C(Bt) such that

> X) - «2-".
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Since (USi *Wm<o e C(USi Bi)> i(i follows that

/oo \ —D 00
N E $-» (U Am
\i=lI m=0 \i=I /
—e0 00
m=0 2=1

00

< 53%(i/)(SO0+e.
21

For (w), let Q(\)(B) = 0. Then for every n € N there exists (Anm)m<o € C(B) such

that
—00
4>m(A)(A,,,) < 2“n.
m=0
Set
o0
Dm:= p] (J fer eacll m -
fc=l n>&

Then, for each m < 0,
mMA)CCM < 'MA) fU Armj < J22-n
\n>k J n>k
for all k > 0. Hence, $m(A)(Dm) = 0 for all m < 0. By the hypothesis, this implies
that

0=®m(v)(Dm) = Iim $m(p) M Amnm) > limsup £m(”") (Akm)
k~°° \We )

for all m < 0. Hence
—00

lim sup $m{v) (Akm) = 0.
k~=*° =0

Thus, $(i/)(5) = O. O

We use further the following notation.
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Notation 3.2.1. Fix Xi € Ki for eachi E{1,..., N} and set

PZA"H~ ® » and * o= * X ><

for eer? m€ Z\N.

Now, for every m < 0 and n > m define a random variable

a i—> wanowan Xo ... o W{

with respect to the measure PP_~XN.

52

Now, we are going to prove the main lemma which enables us to define the coding

map. The proof of it involves a kind of Borel-Cantelli argument, which was also

used by Barnsley and Elton in [3] (they considered the case N — 1 with constant

probabilities). However, their key point, the reversion of the order of finite sequences

of the maps, does not work here. That is why we first needed to construct the outer

measure PXI..xN-
Lemma 3.2.3. Let x*yi € Ki for each 1< i < N. Then
()
00
(ii)

lim exists PXI..XN-a.e,,
—Q0

m

andby (i) linw ™ -00 = limm__oY”™"m Pxl.xN-a.e..
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Proof. Applying the average contractiveness condition —m + 1 times gives

E jfPem(Xiem)-Peo K , ° - ° ~em(*(em)))

N

1
X d(weo O... 0 wem{xi(e,n)),weQ O... Owem(yiM )) < ci-m+1ﬁ \d{xhyi))
i=1

ie
fd (¥%mmn™ yno'm) Camal E <t »)m
So, by Markov inequality,
—m1
a 2
Set Am:= {Qe S:i(yr'w ,S"” W) > E~fa.!*)} and
—00 —00
N=Nn ou ame
=0
Then
—00 -77th
PA.*NA) <P4.,.N U An *E P .~An) <
\m=I J in—I in=I
since (0,..., 0, Ai, i,.) EC(U7T*zAnNn) f°r all 3J< 0- Hence PXI.XN(A) — 0 and for

every a GE\A
d(Y%>"*N(<?),¥%m*"(<r)) <
for all m except finitely many. This implies (i).

Now, for part (ii) set C := maxeeEd(xt(e),we(xi(e))). Then applying the average

contractiveness condition —m + 1 times reveals that

d(YSr», Y ~N)dPZ*N < «-7"+lE i'« (I'W)'i(% )'™*'™)))
eEE

< a~m+lC.
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So, by Markov inequality,

—7+ 1

( d <a ?
Set Bm:= {<r6 S : d and
BB
=0 77
Then
| —e0 @
—m4l
p«i...w(B) < (U B"*) <E a*
\m— / ?n=Z m=Z
since (0,0, BttBi-1,...) € C(UmS for all 1 < 0. Hence PX]....XN(B) = 0 and for
every a EE\B
—
E d(y-0o' (<Omy5:)Sto) < oo
m—0
This implies that "*wM )mez\N * a Cauchy sequence for Pxl..XN-&.e. u E E, and
solim”™-00 YEq"Xn exists PXIl..XN-a.e.. By part (i) limm"™ _co = hnim->-00

Definition 3.2.3. We call

PXi..xN <E » K

a i 7 lim

771—>—00

the coding map. By Lemma 3.2.3, FXI,.XN s defined i* 1.®&Va.e. and FXL XN = Fyi_yN
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3.3 Definition with respect to a generalized Markov

measure

Our next aim is to show that the coding map is defined almost everywhere with
respect to any outer measure <h(j/) if the restrictions of the probability functions on
their vertex sets are Dini-continuous and bounded away from zero. For this, we only
need to establish that is absolutely continuous with respect to PXi.XN in this

case.

Lemma 3.3.1. Let Xi 6 Ki for every 1< i< N andx e K. Letio€e (1,..., N} such
that x e KiQ Then for all integers m < 0 and for all e > 0 there exist kK > m and

B e Am such that P™(B) < e and
n>k=> d(Z™n(a)yYf*"XN@a)) < an:%tld(x,xio)
for alla e E\ B.

Proof. Fix m < 0. Applying the average contractiveness condition n —m +1 times

gives

E Pem{x)...pen(w@n lo..o wem(x))d(wen o ... o Wem{x),W S o ... o Wem{xi{em)))
(€)]
< an-m+ld (x,Xi0),

jd{Z In,Y ~")d P ? < an-m+ld(x,xia).

So, by Markov inequality,

P? >a~dix.x,S) <cT ™.
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SetAmm = {a € E: d(Z*n(xj), Y ~-XN{cr)) > a d(z, £i0)} form < n and Bk

UT>fcAnn for /c > to. Then

@ 00
A P™ (Ann) < < 00.

Therefore

Hence, for all e > 0 there exists k >m such that P™(BK) < e and
n> k = d(Z”~n(a),Y ~"XN{a)) < a =r+1d(x,xiQ

for all g e £ \Bk. O

The next lemma is a generalization of Lemma 3 in [8].

Lemma 3.3.2. Suppose that each probability function peN\<dM is Dini-continuous and
there exists 5 > 0 such that pe\ike) > $for alle EE. Let Xi EKi forall 1<i< N

and x E K. Then P™ is absolutely continuous with respect to PfifAXN for all to < 0.

Proof. Fix to < 0. Let A E Am such that PI/E.XN(A = 0 and e > 0. We show

P™(A) < e.

Let io e {1,...,2V} such that x e Kio. By Lemma 3.3.1, there exists ne > m and

B e Amsuch that P™(B) < e/2 and
n>ne = d(Zfnn{a)OZn'XN(v)) <o-m* d {x,z i0)

for all o« e E \B. Let fc be the modulus of uniform continuity of pe on K”e) for

eachee E and 0 maxdgke 4e Since each pe is Dini-continuous on Ki(e), by Lemma
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2.1.1, we can choose | > ne such that YIKLi+i" m(\2d(x>xio)) < <V2- Set

{<re E: Vi< fc< ,
= < if/<n
E, else
and Q := Then E\XB C Q and therefore Px(E \Q) < e/2. Now, for

N6 OQnt ifE < n and (@1Q...}<h) is a path of the digraph starting in io, then

RIM(X)-P*n(™crm™ ° - ° WamX)

-+l
< ° - 2 WMXi(v,n))
X n 1 jPg,K -!o0..0 - PafcKfc,! O... O™ mgi(gro))
fo=z+1 PAhwQ-oviw) -
1-6 I—n+l

4 (a kdnd (x,Xi0)j

ni+

h—Z+1
Since 112=1+1 [I + 0 (afc M)/2d(a;,®))/5] < 1+ 2j]“=l+" (a~ m2d(x,xi0)/6 < 2,
it follows that

Sl —6\I~mH 1 _ _
Pam(x)...Pan(Wh _lo..omfx) < 2N (- j - J ~ RIm{Xi(am)) =Pan(Wan- X $WFK®i(aro)).

If 1> nor (rTQ...,<rn) is not a path of the digraph starting in io, then it holds trivially

for any a G E.

Let Am be the algebra every element of which is a finite union of thin cylinders of
the form m[em, en], n > m. By Caratheodory construction, there exists a sequence

(AKk)ken C Amsuch that A C U&Li M and

I—m+I

E|¢1 (U)< AN vi- 6
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We can write every finite union UILi Ak as a disjoint union \Sk=i Ch of thin cylinders

which generate Am. Let Ck — 71[em, ...,ej with m < n. Then

<

Hence

P2(QnCKk)

P™ (Qn n Ck)

pam@X)...p<rnfw (mMm_1 O ...0 Wtrmx) -
(Il x%an)'creQnAICK
/£ 8\ |~mHl 1
2N (¢ J n n m(” (Cm))...Pan(w(n_10... OWamXi{am))

/i _x\ i-m+1

2iV (— (CK).
Pf(.4) = i?2(gni)+~(A\Q)
/ mn \
< JimPr . Inene -,
U=1 /
mn

e
= Jim £ /r (C fcnQ) + 5
-A_*OO%O‘l 2

[ 5 e | smae- W,

< 2W(— j EAN...x (N) + 2
fe=I

]

Theorem 3.3.3. Suppose that each probability function pe\kic) is Dini-continuous

and there exists 5 > 0 such that peNd{E) > Ofor alle € E. Let Xipyi 6 Ki for all

1< i

< N and ¥ € P(K).Then the coding map FXL XN is defined <&{v)-a.e. and

Pxi..xN = Fyi.yN A?(v)-a.e..
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Proof. By Lemma 3.3.2, $m(v) is absolutely continuous with respect to P™_XN for.
all m < 0. By Lemma 3.2.2 (ii), this implies that $(v) is absolutely continuous with

respect to PXX., XN- The claim follows by Lemma 3.2.3. O

Definition 3.3.1. We call

M = 4>(/X)

the generalized Markov measure, where /x an invariant Borel probability measure of

the CMS. Denote the Borel a-algebra on E by H(E).

Proposition 3.3.4. M is a shift invariant Borel probability measure on E.

Proof. First define a set function M on all thin cylinders of E by

M (m\em, ..., en]) := 4xn(/.i)(m[em, ..., en]).

We show that M extends uniquely to a shift invariant Borel probability measure on
E and

M\AM = $m(EX) for all m < o.

We only need to check that
M (m[em, ..., en]) —~ ' M (m[em, ..., en,en_i])
enti
and that -
DI(m[em, ..., e\]) AM (m—em—,em, ..., eg]),
em—1

the rest follows by the standard extension argument. The first equation is obvious by
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the definition of Px. For the second we need the invariance of /x

N AM (m—em_i, em, ..., en])
Cm—

= Pem ~ X)Pem(Wem- 1(x))...pen(wen_10... O (x))dfJ.(x)
en-1

= U*KPem-Pen OWen_xo ... 0 WeJ
= P(Pem-Pen©Wen_10... OWe,,)

= ilf(In[em,..., en)).

Now, we show that

M = M]e(s).

Let B € H(E) and e > 0. Since B(E) is the smallest <r-algebra containing all Am,
m < 0, it follows that for every (Am)m<o G C(B)
M(B) <M (U Anj<E = E *m@ju)@»).
\m<o / A0 mM<0

Hence M(B) < M(B). On the other hand, let A be the algebra generated by all
thin cylinders in E. Then every A £ A is also an element of some A7n, m < 0, and
therefore M(A) > M (A). By Caratheodory’s construction, there exists a sequence
{Ak)ken c A such that B ¢ UfceN”~ and

M(B)
fo6N

Therefore
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Definition 3.3.2. We call the measure preserving transformation S of the probability

space (E, 23(E), M) a generalized Markov shift.

Now, we state explicitly the most important special case of Theorem 3.3.3.

Corollary 3.3.5. Suppose that each probability function Pe\i<ifc) is Dini-continuous
and there exists 6> 0 such that Pe\i<ifc) > Ofor alle € E. Let Xi,yi G K{ for all
1 < i < N.Then the coding map FXL XN is defined M-a.e. and FXI_ XN = Fyi_W

M-a.e..

Notation 3.3.1. By Corollary 3.3.5, it would not be too heavy an abuse of notation

if we denote the coding map on the measure space (£, 23(E), M) simply by F.



Chapter 4

Applications of the coding map

Let (Ai(e), we,pe)eeE be a contractive Markov system with the average contracting
rate 0 < a < 1 and an invariant Borel probability measure /. We assume that:
(K, d) is a metric space in which sets of finite diameter are relatively compact and
the family Ki,..., Kn partitions K into non-empty open subsets; each probability
function peN<i{e) is Dini-continuous and bounded away from zero by 5 > 0. Note that
the assumption on the metric space implies that it is locall}' compact, separable and

complete.

4.1 Main Lemma for the generalized Markov shift

We prove here what seems to be the main lemma for the generalized Markov shift
associated with a contractive Markov system using the coding map constructed in the
previous chapter. This lemma establishes a relation between the Markovian picture
of a CMS studied in Chapter 2 and the dynamical picture given by the generalized

Markov shift (Chapter 3).

62
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For the proof, we need to define some measures on the product space K x E.

Denote by A the finite cr-algebra generated by the partition {o[e] : e £ E} of E and

define, for each integer m < 1,
+00

An = V

i=m
which is the smallest cr-algebra containing all finite (7-algebras V'=m S~IA, n > m.
Let x £ K. For every integer m < 1, let P™ be a probability measure on cr-algebra

Am given by
en]) = Pem(x)Pem+1(wem(x))...Pen(wen_10 ... OWe,n{x))

for all thin cylinders m[em, ...,en], n > m. By Lemma 3.2.1, X i— » P™(Q) is a Borel
measurable function on K. Therefore, we can define, for every integer m < 0,

M (AXQs=J

A
for all A £ B(K) and all Q £ Am. Then Mm extends uniquely to a probability

measure on the product cr-algebra B (K) A m with
vh |
= J P <re E: 2. on s Qarw

for all O € B(K) ® Am- Note that the set of all D £ B(K) o Am for which the
integrand in the above is measurable forms a Dynkin system which contains the set
all rectangles A x Q, A £ B(K), Q £ Am. As the latter is fl-stable and generates
B(K) o Am, the integrand is measurable for all D £ B(K) o0 Am. Further, note that

PM{ae”™:(x=a)™"}) —f 1n(%, &dP™(cr) for all D £ B(K) o AmmTherefore

J samm=J J spx.erydp™{(j)dn(x
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for all B(K) 0 Mm-simple functions s. Now, let ~ be a B(K) o vAmmeasurable and
M mrintegrable function on K x E. Then the usual monotone approximation of positive

and negative parts of ™ by simple functions and the B. Levi Theorem imply that

J ipavm=J J tipxa)drra)dialx).

Lemma 4.1.1. Suppose C := YaLi Ik-d(x>Xi)dp(x) < oo for some Xi G Ki, i =

1 , N. Leti[ei,..,en] C E be a thin cylinder set. LetT \°10sla. Then
Em (lifell...en)]Y) {<?) = ~Hcr) (ifei, ej) for M-a.e. a GE,
where Em{-].) denotes conditional expectation with respect to measure M.

Proof. We can obviously assume that (ei,..., en) is a path of the directed graph. Set

Em := Vi=0 SIA for allm G Z\N. We denote further a (—n+I)-tuple by (gm,<Jo)*

if M aQ]) > 0 (i.e. (crm, ..., a0) is a path). Then obviously
f I Ve |\Y)
M ilh *jin»)(?)= E “"wrh— Trrll** ™(s)

for M-a.e. d G E. Since (ErT)ITfO is an increasing sequence of cr-algebras and T is
the smallest cr-algebra containing all J-m, it follows by Doob’s Martingale Theorem

(e.g. see [7] p. 199) that

Em —* Em (li[eil..en][*Y) (4.1.1)

:= wado ... o wamx and Ym(a) := wad o ... o Wanx K(Jm)
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forall x 6 K, aeS and m < o. Further, define

1 f d(z*(a),Ym(a))dMm(x,a)
X mlcr) 2_’\ [t r (AN Imtow-.0-0lv0/
(cm.,..,0-0)* w [0'mj s> 0b])

for all d € E. Then ,
J XmdM = J d{Z"~(a),Ym(a))dMm(x,a)

\] T Pam(x)...p,,,(w<_i..wrmx)d(wn ...wr, x,w atl...w,,mx ifam))d[i(x)
amr..cjo

* I3 '
< a m+l d(x)Xi)d/J,(x) = a m+IC.
*=j N
Set

nr OGS'! @ 2 T
{ u)

for all m < 0 and O := fln<o0 Then, by Markov inequality,
-m+l
M{Om) <a—

Hence, M(Q) = 0 and

Xm(cr) —0 for all o £ E \fk

Now, for o £ E with M (mJom,cro]) > O,

/ lifei,...enldM
L IN
mu k ,..<7q) " fw (I(I n

f Pam{x)...p<IQwa_1...wanmx)pei(Z%l(cr))...pen{fwen_1...weiZZl(a))dfj,{x)
f Pam(x)..-Pao(W*-, « W*nx)d/J,{x)
-p ei{F{a))...peil(wen_l...weiF{a))\. 4.1.2)
Set p(rc) := pei(&)...pen(we,N==ei&), x £ if. Note that the average contractiveness

condition and the boundedness away from zero of the probability functions (on their
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vertex sets) imply that each map wekx € is Lipschitz. Since each peN<(o) is Dini-
continuous, it follows that each function pekowek to .. oiuveil<d( )} 1 < k < n, is
Dini-continuous. As bounded Dini-continuous functions form an algebra, p\i<ifei) is
also Dini-continuous. Let p be the modulus of uniform continuity of p\i<ifeiy By the
Sublemma from [2], there exists ip : [0,00) — * [0,00) such that ip(t) > p(t) for all t}

ip(t)/t is non-increasing, and "Nip{t)/tdt < o0o. Set

ua A

Bu) = —— f dt for u > o.
1 ad t

Then (3 is continuous, concave and /5(0) = o. Moreover,

dt i)=*(0) > ,(,
/3> mt >1_aua~ _ i) 0 >.0)

for all u > 0. Hence, p(u) < (3(u) for all u > 0. Therefore,

f P° zZ~(a)dMm(x,a)
KX m
(4.1.2) < poYm(a) + \poYm(a) -poF(a)\
Mm(|< n TL[~Am > eee) <A>])
f \PoZ m(°r)~ P ° Ym{v) [dMm(x, a)
K %r“iffo
< X migor-ifi + \poYm(a) -poF (a)\
M m (A" X m[ovnj ....<7q])
| P (d(zm(d),Ym(a)))dMm(x, a)
Kx
< + \poYm(cr) ~poF(a)\
Mm (AT X 7n[~7n) (0.0]))
/ f d(Z*(a),Ym(d-))dMm(x,a)\
Kx M. <
+ \poYm(a) -poF (a)\
\ Mm (AT x m[om, ..., a0])
= PoXm(r)+ \poYm(cr)-poF(cr)\.
Hence

E m (liiei,...,e, ]| ) (cr) - Pp{a) (i[ei,...,en])] < 3o Xm(a) + |pol~(cr) ~poF(a)\
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for M-a.e. a e £. By Corollary 3.3.5 and the continuity of p on K, the second term
also converges to zero M-a.e.. Thus
Em (litd enjlm) M - Pfch (i[ei,e,])] ->0asm  -o00
for M-a.e. <€ S. With (4.1.1), this implies that
Em (ll[ei,..en]I™) (cr) = Pp(a) (i[ei, en])

for M-a.e. aoe S. O

4.2 What is the image of the generalized Markov

measure under the coding map?

The next proposition is the most important application of the main Lemma for the

generalized Markov shift.

Proposition 4.2.1. If invariant probability measure p is unique, then
F(M) p.

Proof. Let U* be the adjoint of the Markov operator associated with the CMS. It is
sufficient to show that U*F(M) = F(M), since p is the unique invariant probability
measure. Let / e Cb(K). Then

U*FM)(f) = ~ Tpef QwedF(M) = Y] TPeoFfoweoFdM.
efE J egE
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Lete EE. By Theorem 2.2.1 (iv), SHi Ik-d(xixi)dp{x) < oo. Therefore, by Lemma

4.1.1,
Em (lge] [F) (cr) = Pf{g) (i[e]) = peo F{a)

for M-a.e. a £ S. Since / o weo F is bounded and .F-measurable, it follows by a well

known property of the conditional expectation that
Em (life]/ oweo F\rF) (a) =peo F(a)f oweo F(a)

for M-a.e. a E E. Hence, by the shift invariance of M,

U*F(M)(f) = £ f lle](a)f oweo F(a)dM(a)
efE J
= g f Ige] o oweo F oS-'i“dMicr)

= E /X®ww/oww

= *W (/)_

4.3 Kolmogorov-Sinai entropy of the generalized
Markov shift
In this section we give a further application of the main Lemma for the generalized

Markov shift. It turns out that the coding map is the key tool for the calculation of

the Kolmogorov-Sinai entropy of the generalized Markov shift.
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Theorem 4.3.1. Let Im(S) be Kolmogorov-Sinai entropy of the generalized Markov

shift associated with the contractive Markov system.

(i) IfYIHLi Ik.d{x, xf)dp(x) < oo for some Xi € Ki, i = 1,..., N, then
hM(S) = - pelogpedF(M).
e(zErs
g
(ii) If the invariant probability measure p is unique, then
JIM(S) = J Pe log Pedp.
kK

Proof. It is well known that lim(S) — lim(S~1) (e.g. Theorem 4.13 in [25]) and, by
the Kolmogorov-Sinai Theorem (e.g. Theorem 4.17 in [25]), Im(S~1) = "'M<S-1jM).
Further, using the notion of conditional entropy (e.g. Theorem 4.3 (ix) and Theorem
4.14 in [25]),

hM(S~\ A) = h ( S-\V ).
Set VSo”™A Hence
hM(S) = -3 2 [ S (lIW[~)log£ (Htil|A)<iM .
By the assumption in (i), Lemma 4.1.1 implies that
E (I7ejl F) = Peo F M-a.e.
for each e G E. Hence, with Olog0 = 0, we have

hM(S) —-'Y ] f PeoFlog (pe OF) dM = f PelogpedF(M).
e&FE e€% i ’

By the assumption in (ii), Theorem 2.2.1 (iv) and Proposition 4.2.1 imply that
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Chapter 5

Empiricalness of the invariant
measure of a CMS

In this chapter we prove an ergodic theorem for Markov chains associated with con-
tractive Markov systems using the coding map. It is a generalization of the ergodic

theorem from [8].

5.1 Introduction

It is very important for various applications (such as image compression) to know
whether the sequence xy waixy we o waix >.. "draws a picture" of the invariant

measure of the CMS for any x £ K and Pxa.e. a £ E+, i.e. whether

/.1£I§))\= ﬁ%K*:W*‘J‘ °W<r71><7 I<i<n—}¥orallopenBCK,

where { counts the number of element in the set. In the affirmative case, such a

statement is called a strong law of large numbers or an ergodic theorem.

71
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Remark 5.1.1. If the metric space K is compact, then such a strong law of large
numbers holds true for any Markov operator with the Feller property which possesses
a unique invariant probability measure. This was proved by Breiman in 1960 (see
[6]). In 1987, Elton gave a proof of an ergodic theorem for IFS with place-dependent
probabilities on a metric space in which sets of finite diameter are relatively compact.
His proof is probabilistic in nature; it uses an argument from the general theory of
Markov processes (see Lemma 1 in [8]). It is possible to generalize his proof in order

to cover CMS as well.

Also, two other papers with similar titles should probably be mentioned here. How-
ever, the systems studied there overlap with ours only in the trivial case where N = 1
and the probability functions are constant. A strong law of large number proved by
S. Grigorescu [9] allows an arbitrary index set E with a fixed probability measure
on it such that the system is contractive on average. Both Elton’s and Grigorescu’s
assumptions imply that the Markov operator has an attractive probability measure.
In this case, the generalized Markov shift is strongly mixing (see Proposition 5.2.4)
which is an unnecessarily strong assumption for the ergodic theorem. O. Stenflo [20]
proved an ergodic theorem for Markov processes generated by a finite family of Lips-
chitz maps on a complete metric space which is driven randomly by an i.i.d. process
and satisfies the average contraction condition. This generalizes the trivial setup
where the driving process is Bernoulli. He suggests a use of such a setup (with pos-
sibly uncountably many maps) for a representation of an IFS with place dependent
probabilities. (The reader must be aware that the driving process in the latter case

is one with infinite memory.)
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The proof of the ergodic theorem for CMS which we present here is completely an-
alytic and it also uses a representation of the Markov process, but as a factor of
the generalized Markov shift associated with the CMS via the coding map. The

generalized Markov measure on the shift space E makes the sequence

Qvu..): E — >k~

a i— »(F(a), F(Sa), F{S4),..)

to a stationary stochastic process which is equivalent to the Markov process generated
by'the CMS with the stationary initial distribution /i. We exploit it in Theorem 5.2.5.

Case N — 1 of it is exactly Elton’s Ergodic Theorem (see Remark 2.1.1).

5.2 Ergodic theorem for contractive Markov chains

Let {Ki(e),we,b)e&E be a contractive Markov system with the average contracting
rate 0 < a < 1 and an invariant Borel probability measure fi. We assume that:
(K, cl) is a metric space in which sets of finite diameter are relatively compact and
the family K\,..., partitions K into non-empty open subsets; each probability
function peNd(e) is Dini-continuous and bounded away from zero by 5 > o0; the set of
edges E is finite and the map i : E — *V is surjective. Note that the assumption on

the metric space implies that it is locally compact separable and complete.

Before we move to the ergodic theorem, we need to clear up some technical details.
We will use the abbreviation wak  wako ...owai for all c GE or a € E+ . Let Px be

the Borel probability measure on E+ as in Definition 1.1.6 for x € K. Let v e P(K).
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Since x i—* PX(Q) is Borel measurable for all Q GB(E+) (Lemma 3.2.1), we can
define

4>{v)(A x Q) := J P x(Q)dv(x)
A

for all A GB(K) and Q GB (E+). Then (j}{y) extends uniquely to a Borel probability

measure on K x E+ with
4>(v)(Ft) —\] Px ({<t G E+ : (re,cr) € fi}) du(x)

for all R € B (K x E+). Note that the set ofall 0 ¢ K x E+ for which the integrand
in the above is measurable forms a Dynkin system which contains all rectangles.

Therefore, it is measurable for all Q E B (I< x E+).

Now, consider the following maps:

a (Cn.€e, ..)
and

N"N'E —> K x E+

Lemma 5.2.1. Suppose the invariant probability measure fi is unique. Then
£E(M) =
Proof. We only need to check that

£(M) (A xi [ei,...,en]+) = (A xx[ei,..., en]+)
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for all thin cylinders i[ei,..., en]+ and A G B(K). For such sets,

E(M) [A xi [ei,en]+)

M (F_1(A) D7-1 (i[ei, ...,e,]+))

\] iIN ,..enldM.
F-RA)

Let T be the sub-cr-algebra of B(S) generated by thin cylinders of the form m[om, < j (],
meZ\N, Then F-17) € IF. By Theorem 2.2.1 (iv), the uniqueness of the invari-

ant probability measure implies that Y”/iLi J/q d(x, Xi)d/u(x) < oo. Hence, by Lemma

4.1.1,
Em (lifei,...e,il IF") = PF{@) (I[el> «>en]*") «
Therefore,
\] Igeit...en]d M = \] Pf(ct) (1 [, .«, dM (<j)
F-i(A) F- 1(i4)
= \] P, (I[el,..., en]+)dF (M )(x).
A

By Proposition 4.2.1, uniqueness of the invariant probability measure implies that

F(M) = fi. Thus,

£(M) (A xi [ei,....en]+) = J Px (i[el}...,edd+) dfi{x)

A

as desired. O

Lemma 5.2.2. Letx,y 6 Ki for some 1< i < N.

(i) For e> 0 there existn G N and Bxy G B (E+) such that Px (Bxy) < e and

k >n ~d (wako .. owai(x),wak o ... owai(y)) < an~d{x,y)



CHAPTER 5. EMPIRICALNESS OF THE INVARIANT MEASURE 76
for all a E E+ \ Bxy.
(ii) There exists Hxy E B (E+) such that Px (Hxy) = 1 and
kIim d(wako ... o wai(x),wako ... o wat(y)) = o
—*00
for all a € Hxy.

Proof. Applying the average contractiveness condition k times gives

Y Pel(x)...pek(Wefc-1 ° - ° Wei(x))d(lUefi O... OWei(x), WG O ... OWei(y))

< akd(x,y),

\] d(w,ko ... o wai(x), wak o ... o wai(y))dPx(a) < akd(x, y).

So, by Markov inequality,
Px (d(wak o ... o wai(x),wako ... o Wai(y)) > a*d(x,y)*J < a*.

Set AN = Jo- € E+: d(wdko .. o ... owCl(y)) > a%d(x,y)j for all kK E

N, B?y := US>nA f for all n GN and Bxy := fU , Bxy. Then

(e0) 00
Px  (Bxy¥ Px(B?) < ]T ft< E al
k=n k~n

for all ft GN. Therefore, for all e > 0 there exists n £ N such that Px (Bxy) < e and

k>n="d (wako ..o~ (a;), wako ... o Wai(y)) < ci™d(x,y)

for all a E \ Bfy. Also, it follows that

Px (Bxy) = 0
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and

Ilim d(wak o ... o wa i ° ° wCry?/)) = 0

for all 7 GE+\Bw. L]

The next lemma is a generalization of Lemma 3 in [8].

Lemma 5.2.3. Let 5> 0 be such that pe{%) > $ for all x E Ki(e) and e E E. Let
X,y E Ki for some 1<i < N. Then Px is absolutely continuous with respect to Py.

Proof. Let A e B (E+) be such that Py(A) = 0 and e > 0. We show PX{A) < e.

By Lemma 5.2.2 (i), there exists ne> 0 and B E B (E+) such that PX(B) < e/2 and

k>ne = d{wako ... ow”?ix), ™" o ... o wai(y)) < a%d(x,y)

for all a E E+ \ B. Since each pe\s€i(e) is Dini-continuous, we can choose | > ne such
that Ykai(l)(ah"Zd(x,y)) < <52, where 4>is the maximum of all moduli of continuity

of peQEj e E E. For every n E N, set

7 ler EE+ td{wako ... o wai(x), wako ... o wai(y)) < a?d(x,y) VI< k< nJd,
Qn 'm= ifl<n

E+, otherwise

and Q := (\>i Qn- Then E+ \B C Q and therefore Px(E+ \Q) < e/2. Now, for
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F€Qnifl<nand (a i, an)is apath of the digraph starting in i, then

PffIW-fclV! °- oWX)

< Pnl)-Pr\WNml © °way)

X n L+ Pak(Wak-i O...OWaix)~ Pa”Wa” o.. o W"j)
Pak{wrk™ ° -0 w aiy)

1-5\1

/s—Z+-1

1.5 I $(akld(xiy))
< P (V)aran (%,,,! ° —~owaiy) I —— .

Since Ylk=i+i t1+ 0 (ak 1)/2d(x,y))/5] < 1+ 2 EfL<+i ${alk 1)/2d(x,y))/5 < 2,it

follows that

1-5
pai(x)...pan(w(lulo..,ov )<2 0...0w aiy).

If1 > nor (cr1} <n)isnot apath of the digraph starting in i , then it holds trivially

for any a € E+.

Let A be the algebra each element of which is a finite union ofthin cylinders of
the form i[ei,en]. By the Caratheodory construction, thereexists a sequence

(AOfceu C A such that A ¢ UfcLi A &and

Each finite union UEA Ak we can write as a disjoint union of thincylinders
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which generate A. Let Ck ~ i[ei,en]. Then

Px(Qnck) < PAQnPCKk)

° - 0w<KX)
(cri,...,an):aEQNN\CK
|
< 2 (Y)-P<7n{Wvn-l ° - ° W*IV)
(cri,...cru):0-eQnnCfc
17\
<2(1"yp, ().
Hence
( mn \
P«(A) = P.(QnA) + Px(A\Q)<Ilim P*\ WCinQ ,
72—>00
\&=1 /

4\ i T

- ilmgft<c*n« + fE” 2 ,(-rj g w i+ f

E<¥)gw>+H

U

Proposition 5.2.4. (i) If p is a unique invariant Borel probability measure of the
CMS, then the generalized Markov shift associated with it is ergodic.
(ii) If p, is an attractive Borel probability measure of the CMS, then the generalized

Markov shift associated with it is strongly mixing. )

Proof. Let i[ai, and i[ci,...,cm] be two thin cylinder subsets of S. We can

assume that (ai,...,«&) and (ci,...,cm) are paths of the directed graph. Then, for
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sufficiently large n,

M (i[ai,ans9ni[ci,.,c™)

AN M =306 & =N )
(6i
= Pal (x)...pak(wak_l...Waix) n pél (wafcz) (whn_Kk_I...WblWakx)
J (h,...,bn-K)
Pa (whn k..wblwakx) ...pGn(wQmn 1...wQwln k...wblwakx) d/i(x)

= J P ai{x)...Pak (wak 1...Waix)

un~k (pdpPc2 ® wci-.-pcn OroGnl o,.0idcl) (uv-cc) dg(x). (5.2.1)

Suppose, /i is a unique invariant Borel probability measure of the CMS. Then, by

Theorem 2.2.1 (iii),

J gdp for all x E K and g E Cb(K)-

Therefore, I/l £ U U"~k (PoiPca o wCl...pGno wGn xo,,0id Q) converges pointwise to
/ (PaPc2° Wei e=Rm° wdnx o ... o u;Cl) dfi 3s1~ 00. Hence, by Lebesgue’s dominated

convergence theorem, (5.2.1) implies that

(i[oi)-»flfe] nS'™ni[ci,...,.cm]) = M (i[ai,...,a&])M (i[ci,...,c™]).

71=1 (
By the standard extension argument (Theorem 1.17 in [25]), it follows that the gen-

eralized Markov shift associated with the CMS is ergodic.

Now, suppose that p is an attractive Borel probability measure of the CMS, then

ung(x) —U*n5x(g) —= 1 gdp for all x e K and g E Cb (K).
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Hence, Un~k (pciP02° Wel---Pcm® usomti ° «=° wci) converges pointwise to
f (PciPc2° wc! —Pecm© wani ° ==° wci) dp (as n —>00). Hence, by Lebesgue’s domi-

nated convergence theorem, (5.2.1) implies that
. - e _ R *
nlggo M (i[ai, ...,aK] fl S“ni[c1,...,cm]) M (i[cti,..., a*]) M (Ifa.,...,cm]).

This implies (Theorem 1.17 in [25]) that the generalized Markov shift associated with

the CMS is strongly mixing. O

Now, we prove the ergodic theorem. By Remark 2.1.1, case IV = 1 of it is exactly

Elton’s Ergodic Theorem.

Theorem 5.2.5 (Ergodic Theorem). Suppose that p is a unique invariant Borel

probability measure of the CMS and p(Ki) > 0 for alli = 1,..,1V. Then for every
xeK

1n *

:ILV ~ Mfor Px-a.e. a G E+.

Proof. By Proposition 5.2.4 (i), the generalized Markov shift associated with the CMS
is ergodic. Let Eg := {a G E : tfa) = i(<7i+i) Vz € Z}. Since M ([ei,...,en]) > 0
for every path (ei,...,en), M (Eg) = 1 by the ergodicity. Therefore, we can restrict

ourselves on Eg.

Let / G Cq{K). Further, let A be the set of all a G Eg such that the limit defining

F(a) exists and

1 n
ﬂi‘%mE—l/ “weko..ow (F (@)= | fdF(M).



CHAPTER 5. EMPIRICALNESS OF THE INVARIANT MEASURE 82

Since F (Ska) = w,ko...owai (F (cr)) for all such cr, it follows by Corollary 3.3.5 and
Birkhoff’'s Ergodic Theorem that M(A) = 1. Applying the map £ and Proposition

4.2.1, we deduce that

lim-V /o wako..ow (y) = | fdjl
n—oon *—~~ J

k=1

for all (y,cr) GE(A). By Lemma 5.2.1,
fom *))=eMKM) = > = .
Since <Zfi) is a probability measure,

1 = o(m)(EA) = \] Px ({o- e E+ : (x,cr) G £(A)}) d/x(rc)

\Y
= Px ({a G E+ : (@?cr) G £(A)}) dfi(x).
Furthermore, for each i = 1,...,1V, there exists Xi G A* such that
J Px ({o- G E+ : (x,cr) G £(A)}) dfi(x)
I<i
= Pxi ({fo-e S+ : (®i,(j) GE(A)})
Set
Qi ;= {a GE+ :(xha) Gf(A)}
foreachi = 1 , IV. Then, for every i,
.o 1xne . a .
I|_r>noo- o o ... o wffl(xi) = fdy, for all a G Qi
R J

and, by the above,

PO Q@rew=1
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As fi (Ki) > 0for alH = 1 , N, this implies that Px. (Qi) = 1 for alH = 1,..., N.

Now, fix x G IQ for some i G Then, by Lemma 5.2.2 (ii), there exists

Hi G B (E+) with PX (Hi) = 1 such that

lim d(wako .. owai(x™, wako..owai(x)) = o0
k—too

for all a G Hi. Hence

I 1 y*1A o (©®) f
dim - f o ako ...010 = fd/j,
I—on k—l* " J !

for all @ G QjPliA. As Px. (Qi flHi) = 1 we deduce by Lemma 523that Px (Qi NHi)

1. As (Cc(K), ll1oo is separable, it follows by an e/3—argument that

ffd) A F for Px-ae. o GE£+.

nfei "
L]

Finally, we give an important application of the Ergodic Theorem which allows an
empirical calculation of Kolmogorov-Sinai entropy Hn (S) of the generalized Markov
shift associated with the CMS without explicitly knowing anything about its invariant

measure.
We know by Theorem 4.3.1 that

hM(S) = - V pelogPedfi
J eGE

if fi is a unique invariant Borel probability measure of the CMS. Then, by Theorem

5.2.5, we deduce the following fact.
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Corollary 5.2.6. Suppose that p is a unique invariant Borel probability measure of

the CMS and p (Ki) > o for alli=1 , N. Thenfor every x 6 K

IU'i(S) = - 711@) 3l Y & I( 73] log Pe)Jow<‘k(x) for Px-a.e. a GE+.
h—
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