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Abstract. We introduce multifractal zetafunctions providing precise information of a very
general class of multifractal spectra, including, for example, the multifractal spectra of self-
conformal measures and the multifractal spectra of ergodic Birkhoff averages of continuous
functions. More precisely, we prove that these and more general multifractal spectra equal
the abscissae of convergence of the associated zeta-functions.
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1. Introduction

Measures with widely varying intensity are called multifractals and have dur-
ing the past 20 years been the focus of enormous attention in the mathemati-
cal literature. Loosely speaking there are two main ingredients in multifractal
analysis: the multifractal spectrum and the Renyi dimensions. One of the main
goals in multifractal analysis is to understand these two ingredients and their
relationship with each other. It is generally believed by experts that the mul-
tifractal spectrum and the Renyi dimensions of a measure encode important
information about the measure, and it is therefore of considerable importance
to find explicit formulas for these quantities. In [29,37-39] the authors used
the zeta-function technique introduced and pioneered by M. Lapidus et al in
the intriguing books [27,28] in order to find explicit formulas for the Renyi
dimensions of a self-similar measure. At this point we note that it is generally
believed that analysing the multifractal spectrum of a measure is consider-
ably more difficult and challenging than analysing its Renyi dimensions, and
the main purpose of this paper is to address the substantially more difficult
problem of finding explicit formulas for the multifractal spectrum of a self-
similar measure similar to the explicit formulas for its Renyi dimensions found
in [29,37-39]. In particular, and as a first step in this direction, we introduce
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multifractal zeta-functions providing precise information of very general classes
of multifractal spectra, including, for example, the multifractal spectra of self-
conformal measures and the multifractal spectra of ergodic Birkhoff averages
of continuous functions. More precisely, we prove that these, and more gen-
eral multifractal spectra, equal the abscissae of convergence of the associated
zeta-functions.

1.1. The first ingredient in multifractal analysis: multifractal spectra

For a Borel measure p on R? with support equal to K and a positive number
a, let us consider the set A, (a) of those points z in R? for which the measure
w(B(z,r)) of the ball B(x,r) with center z and radius r behaves like r¢ for
small r, i.e. the set

Aya) = {xeK Jimy log

hmwwza}

If the intensity of the measure p varies very widely, it may happen that the
sets A, () display a fractal-like character for a range of values of . In this
case it is natural to study the Hausdorff dimension of the sets A,(a) as «
varies. We therefore define the multifractal spectrum of u by

fu(a) = dimpy A, (o), (2.1)

where dimy denotes the Hausdorff dimension. Here and below we use the
following convention, namely, we define the Hausdorff dimension of the empty
set to be —oo, i.e. we put

dimp @ = —oo0.

One of the main problems in multifractal analysis is to study this and related
functions. The function f,(«) was first explicitly defined by the physicists
Halsey et al. in 1986 in their seminal paper [16].

The multifractal spectrum f,, is defined using the Hausdorff dimension.
There is an alternative approach using “box-counting” arguments leading to
the coarse multifractal spectrum. Namely, for a Borel probability measure p
on R? with support equal to K and a real number «, the coarse multifractal
spectrum is defined as follows. For positive real numbers » > 0 and 6 > 0, we
write

N, s(o;7) =sup {|I| (B(x;,9))icr is a finite family of balls such that:

x; € K for all 1.

B(z;,0) N B(z;,0) =@ for all i # j,
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< loga(Bl5)

< log 8 <a+r forall z} ) (1.3)

and define the r-approximate coarse multifractal spectrum f(c;7) of u by

log N, s(a;7)

falasr) = lign\iglf “logd (1.4)
Finally, the coarse multifractal spectrum f£(a) of p is defined by
(@) =l fe(esr) (1.5)

(it is clear that this limit exists since fj(a;7) is a monotone function of r). We
note that it is easily seen that

fule) < fi(a),

and that this inequality may be strict, see, for example, [10].

1.2. The second ingredient in multifractal analysis: Renyi dimensions

Renyi dimensions quantify the varying intensity of a measure by analyzing its
moments at different scales. Formally, Renyi dimensions are defined as follows.
Let 1 be a Borel measure on R?. For E C R?, ¢ € R and § > 0, we define the
g-moment M, s(q; E) of  on E at scale § by

M, 5(q; E)=sup { Z w(B(zi,0))? | (B(z:,06))icr is a finite family of balls such that:

iel
z; € K forall 1.

B(zi,0) N B(xj;,0) =@ for alli;éj},

We now define the lower and upper Renyi spectra
[—00, 00] of u by

WGE)Tu(SE) i R —

r,(¢; E) = liminf log My,5(¢; E)
/ 6N\.0 _ 10g 5
?M(q; E) = limsup w
BN —logé
If E equals the support supp p of u, then we will use the following shorter
notation

M,,5(q) = M, s(q;supp ), 7,(q) = 7, (g;supp ), Tu(q) = 7, (q; supp ).

We note that the g-moment M), 5(g; E) is closely related to the box dimension
dimg E of E. Indeed, if we let Ms(E) denote the greatest number of pairwise
disjoint balls of radii 6 with centers in £, then it follows from the definition of
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log M5(E)

the box dimension that dimg £ = lims_.q “Tog s

and we clearly have

(provided the limit exists)

M;(E) = M, 5(0; E). (1.6)

It is also possible to define an integral version of the g-moments M, 5(q; E).
Namely, for E CRY, g € R and § > 0, we define the integral g-moment V,, 5(q)
of u on E at scale § by

Vsl E) = / w(B(x,8)) AL (x)
B(E,8)

where B(E,§) = {z € R?| dist(z,E) < 6} and £? denotes the Lebesgue
measure in R?. We now define the lower and upper integral Renyi spectra
T,(5E),Tu(;E): R — [—o0,00] of u by

1 B
T,(¢; E) = liminf log V. 5(¢; E)
5\0

— 10g6 )
Tu(q: E) = limsup 08 28 (G E).
5N\0 —logo

As above, if E equals the support supp i of p, then we will use the following
shorter notation

Vis(q) = Vis(gssuppp), T,(q) = T, (g;supp ), Tpulq) = Tu(g;supp p).

As above, we note that the integral g-moment V), 5(¢; F) is also closely re-
lated to the Minkowski volume of E and the box dimension dimg E of E.
Namely, if we let V5(E) denote the ¢ approximate Minkowski volume of E, i.e.

og( L
Vs(E) = £9( B(E,3)), then it is well-known that dimg E = lims_q —2t 22
(provided the limit exists) and we clearly have
Vs(E) = V(0 E). (L.7)

1.3. The multifractal formalism

Based on a remarkable insight together with a clever heuristic argument, it
was suggested by theoretical physicists Halsey et al. [16] that the multifractal
spectra f, and f; can be computed using the Renyi dimensions. This result
is known as the “Multifractal Formalism” in the physics literature. More pre-
cisely, the “Multifractal Formalism” says that the multifractal spectra equal
the Legendre transform of the Renyi dimensions. Recall that if ¢ : R — R is a
real valued function, then the Legendre transform ¢* : R — [—00,00] of ¢ is
defined by

" (r) = igf(xy + ©(y)). (1.8)
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We can now state the “Multifractal Formalism”.
The multifractal formalism—a physics Folklore theorem The multifractal spec-
trum f, of 1 and the coarse multifractal spectrum f}; of 11 equal the Legendre

(T

transforms 7*, 7

7/,[,7

fule) = fi(e) =7 (a) =7 (a) = Tp(e) = T), ()

%, (T,)* and (T',)* of the Renyi dimensions, i.e.

for all a.

During the past 20 years there has been an enormous interest in verifying
the Multifractal Formalism and computing the multifractal spectra of measures
in the mathematical literature. In the mid 1990’s Cawley and Mauldin [6] and
Arbeiter and Patzschke [1] verified the Multifractal Formalism for self-similar
measures satisfying the OSC, and within the last 15 years the multifractal
spectra of various classes of measures in the Euclidean space R? exhibiting
some degree of self-similarity have been computed rigorously, cf. the text-
books [11,43] and the references therein. Summarizing the previous paragraph
somewhat more succinctly, we can say that previous work has almost entirely
concentrated on the following problem:

Previous work: Previous work has concentrated on finding the limiting behav-
iour of the following ratios, namely,

IOg M;L,é (Q)
—logd
and
log N, 5(c;7)
—logd
Indeed, computing the Renyi dimensions 7,(¢) and 7,(g) involves analysing

log M.+ (q)
—logr

spectrum fg(a;r) involves analysing the limiting behaviour of

the limiting behaviour of , and computing the coarse multifractal

log N, 5 (o)
—logd

Due to the importance of the quantities M, s(¢) and N, s(o;7) it is clearly

log M,,.5(q)

desirable not only to find expressions for the limiting behaviour of —- Ton s

%, but to find explicit expressions for the quantities M, s(¢) and

N, 5(co;7) themselves. The purpose of this work can be seen as a first step
in this direction. Again, summarizing this somewhat more succinctly, in the
present work we concentrate on the following problem:

and

Present work: This work explores methods of finding explicit expressions for

M,..5(q)
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and
N,.s(a;r).

It is clear that finding explicit expressions for M, s(¢) and N, s(a;r) is a
more challenging undertaking than determining the limiting behaviour of the
log Mys(a) o w; indeed, if explicit expressions for M, s(q)

—logd —logd
and N, s(a;r) are known, then the limiting behaviour of the ratios %

log N, s (o)
—logd
We will now describe our strategy for analysing the quantities M, 5(q)

and N, s(a;r). Very loosely speaking, the quantities M, s(¢) and N, s(co;7)

“count” the number of balls B(x, §) satisfying certain conditions. There are two

distinct and widely used techniques for analysing the asymptotic behaviour of

such (and similar) “counting functions”, namely, (1) using ideas from renewal
theory or (2) using the Mellin transform and the residue theorem to express the

“counting functions” as sums involving the residues of suitably defined zeta-

functions. Indeed, renewal theory techniques were introduced and pioneered

by Lalley [19-21] in the 1980’s, and later investigated further by Gatzouras

[15], Winter [48] and most recently Kessebohmer and Kombrink [18], in order

to analyse the asymptotic behaviour of the “counting function” Mj(E) =

M, 5(0,E) = M, 5(0) for self-similar sets E (see (1.6)) and similar “counting

functions” from fractal geometry. However, while renewal theory techniques are

powerful tools for analysing the asymptotic behaviour of “counting functions”,
they do not yield “explicit” formulas. This is clearly unsatisfactory and it would
be desirable if “explicit” expressions could be found. However, in spite of the
difficulties, the problem of finding “explicit” formulas of “counting functions”
in fractal geometry has recently attracted considerable interest. In particular,

Lapidus and collaborators [22-24,27,28] have with spectacular success during

the past 20 years pioneered the use of applying the Mellin transform to suitably

defined zeta-functions in order to obtain explicit formulas for the Minkowski
volume V5(E) =V, 5(0,E) = V,5(0) of self-similar fractal subsets E of the

line (see (1.7)).

It would clearly be desirable if similar formulas could be found for the mul-
tifractal quantities M, s(q) and N, s(a;7) of self-similar (and more general)
multifractal measures u. In multifractal analysis it is generally believed that
analysing the g-moments M, ;(q) and the associated Renyi dimensions 77, ()
and 7}, () is less difficult than analysing the “counting function” N, s(a;7)
and the associated multifractal spectra f, and f;;. Indeed, in [29,37] (see also
the surveys [38,39]) the authors introduced a one-parameter family of mul-
tifractal zeta-functions and established explicit formulas for the integral g-
moments V,, 5(¢q) expressing V, 5(¢) as a sum involving the residues of these
zeta-functions, and in [34] the asymptotic behaviour of the g-moments M, s5(q)
were analysed using techniques from renewal theory. In addition, we note that

ratios

and can be computed directly from these expressions.
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Lapidus and collaborators have introduced various intriguing multifractal zeta-
functions [25,26]. However, the multifractal zeta-functions in [25,26] serve very
different purposes and are significantly different from the multifractal zeta-
functions introduced in [29,35,37]. The purpose of this paper is to address
the significantly more difficult and challenging problem of performing a sim-
ilar analysis of the multifractal spectrum “counting function” N, s(c; 7). In
particular, the final aim is to introduce a class of multifractal zeta-functions
allowing us to derive explicit formulas for the “counting function” N, s(c;7)
expressing N, s(a;r) as a sum involving the residues of these zeta-functions.
As a first step in this direction, in this work we introduce multifractal zeta-
functions providing precise information of very general classes of multifractal
spectra, including, for example, the spectra f,, and f; of self-similar multifrac-
tal measures p. More precisely, we prove that the multifractal spectra equal the
abscissae of convergence of the associated zeta-functions. It is our hope that a
more careful analysis of these zeta-functions will provide explicit formulas for
the “counting function” N, 5(o;r) allowing us to express N, ;(o;7) as a sum
involving the residues of these zeta-functions; this will be explored in [32]. In
order to illustrate the ideas involved we now consider a simple example.

1.4. An example illustrating the ideas: self-similar measures

To illustrate the above ideas in a simple setting, we consider the following
example involving self-similar measures. Recall, that self-similar measures are
defined as follows. Let (S,...,Sn) be a list of contracting similarities S; :
R? — R? and let r; denote the similarity ratio of S;. Also, let (py,...,pn) be
a probability vector. Then there is a unique Borel probability measure p on
R? such that

p=> pipoS;t, (1.9)

see [10,17]. The measure p is called the self-similar measure associated with
the list (S1,...,SN,p1,--.,pn). If the so-called Open Set Condition (OSC) is
satisfied, then the multifractal spectra f, and f; are given by the following
formula. Namely, if the OSC is satisfied and if we define 3: R — R by

o =1, (1.10)

then it follows from, [6,42] that

fula) = file) = 5"(a)

for all @ € R where 3* denotes the Legendre transform of 3 (recall, that the
definition of the Legendre transform is given in (1.8)).
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For a € R, we are now attempting to introduce a “natural” self-similar
multifractal zeta-function (5™ whose abscissa of convergence equals f,(c). To
do this we first introduce the following notation. Write ¥* = {i =iy -+ i, |n €
N,i; € {1,...,N}} ie. ¥* is the set of all finite strings i = ¢ ---7, with
n € Nand i; € {1,...,N}. For a finite string i = ¢y ---i, € ¥* of length n,
we write |i] = n, and we write r; = 75, -7, and p; = p;, -+ p;, . With this
notation, we can now motivate the introduction of a “natural” multifractal

zeta-function as follows. Namely, since f,(«) measures the size of the set of

log pu(B(z,9))

= o and since M has the same
log é log o

points x for which lims\ o

log ps
log r;

form as , it is natural to define the self-similar multifractal zeta-function

¢am by

¢sim(s Z g (1.11)

log p‘ _
logry =

for those complex numbers s for which the series converges absolutely. An
easy and straightforward calculation (which we present below) shows that the
abscissa of convergence (3™ ) of (5™ is less than f,, (), i.e.

Uab(cgm) < fu(a) = f;(a) (112)

Indeed, if o ¢ [min; iogp L, max; iog Ei], then it is easily seen that for all i € ¥,
}in‘ # o, whence o,,( (™) = —o0, and inequality (1.12) is therefore

trivially satisfied. On the other hand, if & € [min; {221’ L, max; }ggp L], then it

follows from [6,10,42] that there is a (unique) ¢ € R with f,(a ) fula) =
ag+0(q). Hence, for each e > 0, we have (using the fact that ), pfr; ﬁ(QHE <1

Ctsxim(fu(a) +€) = Z ,,,ifu(a)Jre

lo
: gP;:a
og i

_ Z Ticvq+ﬁ(q)+s

logp;
Togr; &

_ Z pirB@te

logp;
Togr; &

qu Bla)+e

we have

IN
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_Zzpq Bla)+

(s )“

This shows that o,p( (3™ ) < f,(a) + €. Letting € \, 0, now gives o,p( (5™ ) <
fu(c). This proves (1.12).

However, it is also clear that we, in general, do not have equality in (1.12).
Indeed, the set {ﬁi—fi‘ |i € X*} is clearly countable (because ¥* is count-
able) and if & € R\ {}gif i € ¥*}, then oa,5((y) = —o0 (because the se-
ries (1.11) that defines (3™ (s) is obtained by summing over the empty set).
Since it also follows from [6,10,42] that f,(a) = fi(a) > 0 for all a €

}Og‘r’l , Max; }ng t), we therefore conclude that:

(min;

Tab( (") = —00 < 0 < fu(a) = fi(a)

for all except at most countably many « € (miin igi ke, max iﬁi L.
(1.13)

It follows from the above discussion that while the definition of (5™ (s)
is “natural”, it does not encode sufficient information for us to recover the
multifractal spectra f,(a) and f} (o). The reason for the strict inequality in
(1.13) is, of course, clear: even though there are no strings i € ¥* for which
}gi—fi‘ equals « if a € (min; iggfl, max; %gifl) \ {%gif i€ X*}, there
are nevertheless many sequences (i, )n of strings i,, € ¥* for which the ratios
log pi,,
log 7y,

those strings i for which the ratio

the ratio

converge to «. In order to capture this, it is necessary to ensure that

1 . . .
% is “close” to « are also included in

the series defining the multifractal zeta—function. For this reason, we modify
the definition of (™ and introduce a self-similar multifractal zeta-function
obtained by replacing the original small “target” set {a} by a larger “target”
set I (for example, we may choose the enlarged “target” set I to be a non-
degenerate interval). In order to make this idea precise we proceed as follows.
For a closed interval I, we define the self-similar multifractal zeta-function (3™
by

i) = > (1.14)

i

log pj
log 73 el
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for those complex numbers s for which the series converges absolutely. Observe
that if I = {«}, then

™ (s) = G (s)-

We can now proceed in two equally natural ways. Either, we can consider a
family of enlarged “target” sets shrinking to the original main “target” {a};
this approach will be referred to as the shrinking target approach. Or, alter-
natively, we can consider a fixed enlarged “target” set and regard this as our
original main “target”; this approach will be referred to as the fixed target
approach. We now discuss these approaches in more detail.

(1) The shrinking target approach. For a given (small) “target” {a}, we con-
sider the following family ([0 — 7, o 4 7] )T>0 of enlarged “target” sets [a —
r,a + ] shrinking to the original main “target” {a} as r \ 0, and attempt to
relate the limiting behaviour of the abscissa convergence of Cf&mﬂ’a 4 tO the
multifractal spectrum f,(«) at . In order to make this idea formal we pro-
ceed as follows. For each a € R and for each r > 0, we define the zeta-function

¢m(sr) by

(lem(s’r) = C[S(Ixm ra-i—r ( )

= > (1.15)

log pj
Tog 1y —a|<r

The next result, which is an application of one of our main results (namely
Theorem 3.6), shows that the multifractal zeta-functions (5™ (-;7) encode suf-
ficient information for us to recover the multifractal spectra f,(a) and f5(a)
by letting r \, 0.

Theorem 1.1. (Shrinking targets) Assume that the list (S1,...Sn) satisfies
the OSC and let p be the self-similar measure defined by (1.9). For « € R and
r >0, let ¢5™(-;7) be defined by (1.15). Then we have

lim 0y (G (47)) = () = S (a)
where aab(ggjm(-; 7“)) denotes the abscissa of convergence of the zeta-function
am ().

(2) The fized target approach. Alternatively we can keep the enlarged “target”
set I fixed and attempt to relate the abscissa of convergence of the multifractal
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zeta-function (§™ associated with the enlarged “target” set I to the values of
the multifractal spectrum f,(a) for a € I. Of course, inequality (1.13) shows
that if the “target” set I is “too small”, then this is not possible. However, if
the enlarged “target” set I satisfies a mild non-degeneracy condition, namely
condition (1.16), guaranteeing that I is sufficiently “big”, then the next result,
which is also an application of one of our main results (namely Theorem 3.6),
shows that this is possible. More precisely the result shows that if the enlarged
“target” set I satisfies condition (1.16), then the multifractal zeta-function (™
associated with the enlarged “target” set I encode sufficient information for
us to recover the suprema sup,¢; fu(@) and sup,¢; f5 (@) of the multifractal
spectra f,(a) and f5(a) for a € 1.

Theorem 1.2. (Fixed targets) Assume that the list (S1,...SN) satisfies the
OSC and let p be the self-similar measure defined by (1.9). For a closed interval
I, let (3™ be defined by (1.14). If

7 ;. log pi log pi
In (mim lggfi,mlax %) # @ (1.16)
o]
(where I denotes the interior of I), then we have
oan (3™ ) = sup fu(a) = sup fi ()
ael ael

where O’ab( ?m) denotes the abscissa of convergence of the zeta-function (3™.

We emphasise that Theorems 1.1 and 1.2 are presented in order to motivate
this work and are special cases of the substantially more general theory of
multifractal zeta-functions developed in this paper.

The next section, i.e. Sect. 2, describes the general framework developed
in this paper and list our main results. In Sect. 3 we will discuss a number of
examples, including, mixed and non-mixed multifractal spectra of self-similar
and self-conformal measures, and multifractal spectra of Birkhoff ergodic av-
erages.

2. Statements of main results
2.1. Main definitions: the zeta-functions Cg’A(-) and Cg’A 5 T)

In this section we describe the framework developed in this paper and list our
main results. We first recall and introduce some useful notation. Fix a positive
integer N. Let ¥ = {1,..., N} and for a positive integer n, write

s ={1,...,N}",

> =Jzm,
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ie. X" is the family of all strings i =4y - - - 4,, of length n with ¢; € {1,..., N}
and ¥* is the family of all finite strings i = ¢;---7,, with m € N and 7; €
{1,..., N}. Also write

N ={1,...,N},

i.e. XN is the family of all infinite strings i = iyiz... with i; € {1,...,N}.
For an infinite string i = 145 ... € XY and a positive integer n, we will write
iln = i1 ---i,. In addition, for a positive integer n and a finite string i =
i1++4, € X" with length equal to n, we will write |i| = n, and we let [i]
denote the cylinder generated by i, i.e.

[i] = {jeZN‘ﬂn:i}.

Also, let S : ¥ — YN denote the shift map. Finally, we denote the family
of Borel probability measures on XN by P(XY) and we equip P(XV) with the
weak topology.

The multifractal zeta-function framework developed in this paper depend
on a space X and two maps U and A satisfying various conditions. We will
now introduce the space X and the maps U and A.

(1)  First, we fix a metric space X.
(2)  Next, we fix a continuous map U : P(ZV) — X.
(3) Finally, we fix a function A : XN — R satisfying the following three
conditions:
(C1)  The function A is continuous;
(C2)  There are constants cpin and cpax with —00 < ¢pin < Cmax < 0
such that cpin < A < Cnax;
(C3)  There is a constant ¢ with ¢ > 1 such that for all positive integers
n and all i,j € ¥V with i|n = j|n, we have

exp SiZo ASHi
exp S p_y ASFj
Condition (C2) is clearly motivated by the hyperbolicity condition

from dynamical systems, and Condition (C3) is equally clearly moti-
vated by the bounded distortion property from dynamical systems.

<

1
c

Associated with the space X and the maps U and A, we now define the fol-
lowing multifractal zeta-functions.

Definition. (The zeta-functions Cg’A and Cg’A(-; ) associated with the space X
and the maps U and A) For a finite string i € 3", let

n—1

Si = sup exp ZASkk,
keli] k=0
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and for a positive integer n and an infinite string i € N, let L,, : ¥ — P(%N)
be defined by

1 n—1
Lni= -~ > G
k=0

For C' C X, we define the zeta-function Cg’A associated with the space X and
the maps U and A by

UM/ .y _

o (s)= Z S5

i
ULy [i]cC

for those complex numbers s for which the series converges absolutely, and for
r >0 and C C X, we define the zeta-function Cg’A(-;r) associated with the
space X and the maps U and A by

M (sim) = i (5)

- X
ULy [ICB(C,r)

for those complex numbers s for which the series converges absolutely and
where B(C,r) = {z € X | dist(z,C) < r} denotes the closed neighborhood r
of C.

Next, we formally define the abscissa of convergence (of a zeta-function).

Definition. (Abscissa of convergence) Let ( a; )icx+ be a family of positive num-
bers and define the (zeta-)function ¢ by

()= _ai

for those complex numbers s for which the series converges. The abscissa of
convergence of ¢ is defined by

0ap(¢) = inf {t eR ‘ the series Z aj converges absolutely}.

Our main results, i.e. Theorems 2.1 and 2.2 below, relate the abscissa of
converge of the zeta-functions Cg’A(-; r) and Cg’A to various multifractal quan-
tities, including, the coarse multifractal spectrum associated with the space X
and the maps U and A. In order to state Theorems 2.1 and 2.2 we will now
define the coarse multifractal spectra.

Definition. (The coarse multifractal spectra associated with the space X and
the maps U and A) For i =iy ---i, € ¥*, we let i = 41 ---i,—1 € X* denote
the “parent” of i. Next, for i € ¥* and § > 0, we write

Si%(;
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if and only if s; < ¢ < s;. For r > 0 and C' C X, let

nyA e, = {i

si~ 6, ULyl € B(C, 7")}
and
NIA O r) =

oA, r) \
We define the lower and upper r-approximate coarse multifractal spectrum

associated with the space X and the maps U and A by

U,A
FUNCr) = timing 228N (Cr)
Ca 9 5\0

—logé
—u, log NV (C
fU'A(C,T)zlimsup—og 5 (Gr)
SN\,0 —10g(5

and we define the lower and upper coarse multifractal spectrum associated
with the space X and the maps U and A by

FONC) = Tim O (Cr),

77M0) = i 7 ).

Below we state our main results. As suggested by the discussion in Sect. 1.4,
we will attempt to relate the abscissae of convergence of the multifractal zeta-
functions Cg’A and Cg’A(~; ) to various multifractal spectra using two different
but equally natural approaches: the shrinking target approach or the fixed
target approach. The shrinking target approach is discussed in Sect. 2.2 and
the fixed target approach is discussed in Sect. 2.3.

2.2. First main result: the shrinking target approach: finding lim,\ o o
U,A
(¢ (5m))

For a given “target” C, we consider the following family (B(C7 r))r>0 of
enlarged “target” sets B(C,r) shrinking to the original main “target” C asr \
0, and attempt to relate the limiting behaviour of the abscissa of convergence

of the zeta-function (g’A(~;r) = Cg’(/é  to the coarse multifractal spectrum

fYUN(C) and other multifractal quatities. Our first main result, i.e. Theorem
2.1 below, shows that this approach is possible. More precisely, Theorem 2.1
shows that the abscissa of convergence of the zeta-function Cg’A(-; r) converges
as r \, 0, and that this limit equals the coarse multifractal spectrum of C'. We
also show that the limit can be obtained by a variational principle involving
the supremum of the entropy of all shift invariant Borel probability measures
pu € P(EY) with Up € C. In Sect. 3 we show that in many important cases
the limit lim, o aab( (g"A(~; 7’)) equals the traditional multifractal spectra.
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Theorem 2.1. (Shrinking targets) Let X be a metric space and let U : P(XN) —
X be continuous with respect to the weak topology. Let C' C X be a closed subset
of X.
(1) The lower coarse multifractal spectrum associated with the space X and
the maps U and A: we have

lim 2 (5 (57)) = £74(C).

(2) The variational principle: we have

. ()

lim oap CU’A(';T) = sup — ;

™0 (¢ ) peps(syy [ Adu
UpeC

here Ps(ZN) denotes the family of shift invariant Borel probability mea-
sures on XN and h(u) denotes the entropy of u € Ps(XN).

In order to prove Theorem 2.1 it suffices to prove the following three in-
equalities:

~ h(p)
limsup oyp CU’A 1)) < sup - ) 2.1
™0 () nepssry [ Adp @1
UpeC
h(w) U,A
sup  — < f7R0), 2.2
peps(zy S Adp T = ) 22)
UpeC
. . ’A .
iU’A(C)Shgn\lgf oab (oM (7). (2.3)

Inequality (2.1) is proven in Sect. 5 using techniques from the theory of large
deviations. Inequality (2.2) is proven in Sect. 6 using techniques from ergodic
theory. Finally, inequality (2.3) follows directly from the definitions and is
proved in Sect. 7.

2.3. Second main result: the fixed target approach: finding aab( Cg’A )

Alternatively, instead of choosing a family of “target” sets that shrinks to the
given “target” C, we can keep the given “target” set C fixed and attempt to
relate the abscissa of convergence of the multifractal zeta-function Cg’A associ-
ated with the “target” set C to the values of the coarse multifractal spectrum
fU’A(C’). Of course, the example in Sect. 1.4 shows that if the “target” set C'is
“too small”, then this is not possible. However, if the coarse multifractal spec-
trum f UA satisfies a continuity condition at C' guaranteeing that the interior
of C'is “sufficiently big”, then our second main result, i.e. Theorem 2.2 below,
shows that this approach is possible. More precisely, Theorem 2.2 shows that if
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the coarse multifractal spectrum fU* is inner continuous at C' (the definition
of inner continuity will be given Below), then the abscissa of convergence of
the zeta-function Cg’A equals the coarse multifractal spectrum of C'. In analogy
with Theorem 2.1, we also show that the abscissa of convergence of Cg’A can
be obtained by a variational principle involving the supremum of the entropy
of all shift invariant Borel probability measures p € P(XV) with Up € C.
However, before stating Theorem 2.2, we first define the continuity condition
that the coarse multifractal spectrum fU is required to satisfy.

Definition. (Inner continuity) Let P(X) denote the family of subsets of X and
for C C X and r > 0, write

I(C,r) = {m € C‘ dist(z, 0C) > r}.
We say that a function @ : P(X) — R is inner continuous at C' C X if
®(I(C,r)) — ®(C) asr\,0.
We can now state Theorem 2.2.

Theorem 2.2. (Fixed targets) Fiz a positive integer M. Let U : P(XY) — RM
be continuous with respect to the weak topology. Let C C RM be a closed subset
of RM and assume that iU’A is inner continuous at C.

(1) The lower coarse multifractal spectrum associated with R™ and the maps
U and A: we have

(™) = £74(C).

(2) The variational principle: we have

h(p)

UAY _ _ .

O'ab((c ) - MEZISIE)EN) fAd,LL )
UpeC

here Ps(XN) denotes the family of shift invariant Borel probability mea-
sures on XN and h(p) denotes the entropy of p € Ps(XV).

Theorem 2.2 follows easily from Theorem 2.1 and is proved in Sect. 8.

2.4. Euler product

We will now prove that the multifractal zeta-function Cg’A has a natural Euler
product. We begin with a definition.

Definition. (Composite and prime) A finite string i € X* is called composite (or
peiodic) if there are u € ¥* and a positive integer n > 1 such that i=u---u
where u is repeated n times. A finite string i € ¥* is called prime if it is not
composite.
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Theorem 2.3 shows that Cg’A has an Euler product. In Theorem 2.3 we use
the following notation, namely, if f is a holomorphic function that does not
attain the value 0, then we let Lf denote the logarithmic derivative of f, i.e.

Lf= fT, We can now state Theorem 2.3.
Theorem 2.3. (Euler product) Let X be a metric space and let U : P(XN) — X
be continuous with respect to the weak topology. Assume that
Sij = 5iS;
foralli,j € ¥*. Let C C X be a closed subset of X.
(1) For complex numbers s with Re(s) > oab( (g’A ), the product

l1
e
U,A _
do- T ()

i
i s prime
ULy [ijcC

converges and Qg’A(s) # 0. The product Qg’A(s) 18 called the Euler prod-
uct of Cém.
(2) For all complex numbers s with Re(s) > Uab(Cg’A ), we have
¢ (s) = LQEM(9).
Theorem 2.3 is proved in Sect. 9.

3. Applications: multifractal spectra of measures and multifractal
spectra of ergodic Birkhoff averages

We will now consider several applications of Theorems 2.1 and 2.2 to multi-
fractal spectra of measures and ergodic averages. In particular, we consider
the following examples:

e Section 3.1: Multifractal spectra of self-conformal measures.

e Section 3.2: Mixed multifractal spectra of self-conformal measures.
e Section 3.3: Multifractal spectra of self-similar measures.

e  Section 3.4: Multifractal spectra of ergodic Birkhoff averages.

3.1. Multifractal spectra of self-conformal measures

Since our examples are formulated in the setting of self-conformal (or self-
similar) measures we begin be recalling the definition of self-conformal (and
self-similar) measures. A conformal iterated function system is a list

(V. X, (Si)i=1,...v)

where
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(1) V is an open, connected subset of R

(2) X is a compact set with X CV and X°~ = X.

(3) S;:V — Vis a contractive C**7 diffeomorphism with 0 < v < 1 such
that S; X C X for all 4.

(4)  The Conformality Condition: For each x € V, we have that (DS;)(z)
is a contractive similarity map, i.e. there exists r;(z) € (0,1) such that
|(DS;)(x)u — (DS;)(x)v| = ri(x)|u — v| for all u,v € RY; here (DS;)(x)
denotes the derivative of S; at x.

It follows from [17] that there exists a unique non-empty compact set K with
K C X such that

K =] SiK. (3.1)
3
The set K is called the self-conformal set associated with the list (V7 X,
(Si)i=1,..N ); in particular, if each map S; is a contracting similarity, then the
set K is called the self-similar set associated with the list (V', X, (S;)i=1,..,n )-
In addition, if (p;)i=1,...,~ is a probability vector then it follows from [17] that
there is a unique probability measure p with supp ¢ = K such that

M:Zpiposi_l. (3.2)

The measure p is called the self-conformal measure associated with the list
(V, X, (S)i=1,..n s (pi)i=1,...n ); if each map S; is a contracting similarity,
then the measure p is called the self-similar measure associated with the list
(V, X, (Si)i=1,.N, (pi)izlw,N). We will frequently assume that the list
(V, X, (Si)i=1,..N ) satisfies the Open Set Condition defined below. Namely,
the list (V, X, (Si)izlw,N) satisfies the Open Set Condition (OSC) if there
exists an open, non-empty and bounded set O with O C X and S;0 C O for
all ¢ such that S;0 N S;0 = @ for all 7, j with i # j.

Next, we define the natural projection map 7 : ¥ — K. However, we first
make the following definitions. Namely, for i =iy --- i, € X*, write

Si =505,
K; = SiK.

The natural projection map 7 : ¥ — K is now defined by
{ (i) } = SinK

for i € XN,

Finally, we collect the definitions and results from multifractal analysis of
self-conformal measures that we need in order to state our main results. We
first recall, that the Hausdorff multifractal spectrum f,, of ;1 is defined by
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oy 281200) )

= di K
ful) HHH {z < ™0  logr

for « € R where dimy denotes the Hausdorff dimension. In the late 1990’s
Patzschke [42], building on works by Cawley & Mauldin [6] and Arbeiter &
Patzschke [1], succeeded in computing the multifractal spectra f,,(«) assuming
the OSC. In order to state Patzschke’s result we make the following defini-
tions. Define ®, A : XN — R by ®(i) = logp;, and A(i) = log|DS;, (75i)| for
i=1i1iy...€ XN, and for ¢ € R, let 3(q) be the unique real number such that

0=P(B(g)A+q®);

here, and below, we use the following standard notation, namely if ¢ : ¥ — R
is a Holder continuous function, then P(y) denotes the pressure of ¢. Also,
recall that the Legendre transform is defined in (1.8). We can now state
Patzschke’s result.

Theorem A. [P] Let p be defined by (3.2) and o € R. If the OSC is satisfied,

then we have

fula) = B"(@).

log uB(z,r)
log r

recently Barreira and Schmeling [4] (see also Olsen and Winter [40,41], Xiao,

Wu and Gao [49] and Moran [31]) have shown that the set of divergence points,

i.e. the set

AM:{xEK

Of course, in general, the limit lim,~\ o may not exist. Indeed,

log uB(z, )

the expression
logr

diverges as r \, 0 }

of points z for which the limit lim,~ o W

highly “visible” and “observable”, namely it has full Hausdorff dimension.
More precisely, it follows from [4] that if the OSC is satisfied and ¢ denotes
the Hausdorff dimension of K, then

{xGK

provided p is proportional to the t-dimensional Hausdorff measure restricted
to K, and

does not exist, is typically

log uB(z, )

the expression
logr

diverges as r \, 0 } =g

log uB(,r)

the expression
logr

dimpy {I e K

diverges as 7\, 0 } = dimpy K

provided g is not proportional to the t-dimensional Hausdorff measure re-
stricted to K. This suggests that the set A, has a surprisingly rich and complex
fractal structure, and in order to explore this more carefully Olsen and Winter
[40,41] introduced various generalised multifractal spectra functions designed
to “see” different sets of divergence points. In order to define these spectra we
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introduce the following notation. If M is a metric space and ¢ : (0,00) — M
is a function, then we write acc,~ o f(r) for the set of accumulation points of

fasr\, 0, ie.

ag% o(r) = {x eM ' z is an accumulation point of f as r \ 0}.

In [40] Olsen and Winter introduced and investigated the generalised Hausdorff
multifractal spectrum F), of 1 defined by

F,.(C) = dimy {x eK

for C' C R. Note that the generalised spectrum is a genuine extension of the
traditional multifractal spectrum f,(«), namely if C = {a} is a singleton
consisting of the point «, then clearly F,(C) = fu(a). There is a natural
divergence point analogue of Theorem A. Indeed, the following divergence
point analogue of Theorem A was first obtained by Moran [31] and Olsen and
Winter [40], and later in a less restrictive setting by Li, Wu and Xiong [30]
(see also [5,46] for earlier but related results in a slightly different setting).

Theorem B. [30,31,40] Let p1 be defined by (3.2) and let C be a closed subset
of R. If the OSC is satisfied, then we have

Fu(C) = sup ().
acC
As a first application of Theorems 2.1 and 2.2 we obtain a zeta-function
whose abscissa of convergence equals the generalised multifractal spectrum
F,.(C) of a self-conformal measure p. The is the content of the next theorem.

Theorem 3.1. (Multifractal zeta-functions for multifractal spectra of self-
conformal measures) Let (p1,...,pn) be a probability vector, and let p de-
note the self-conformal measure associated with the list (V, X, (Si)i=1,....N,
(pi)i=1,..N ), i.e. pu is the unique probability measure such that j= "7, py i 0
St

ForieX*, let

sy = sup |DS;i(wu)|.
uexh

For a closed set C' C R, we define the self-conformal multifractal zeta-function
by

@@= 3 s

log pj
Tog diam K; eC
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For a closed set C' C R and r > 0, we define the self-conformal multifractal
zeta-function by

c"(si1) = Chlen (3)
= Z Sf 5

. log pj
dist ( log diam K C S T

and if a € R and C = {a} is the singleton consisting of «, then we write
" (s1) = (M (s57), doe. we write

con/ .. . s
CM(ssr) = g si.
i

log pg
log diam K;

—a|§r

Define ® A : XN — R by ®(i) = logp;, and A(i) = log|DS;, (7Si)| for
i=1dip... € XN, Define 3: RM — R by

0= P(B(q)A + q(ID)
for g € R. Let C be a closed subset of R. Then the following hold:
(1.1) We have

li con/ . — o« * ]
Tlgg)aab( & () Zlelgﬁ (a)

In particular, if o € R, then we have
lim 02y (¢ (7)) = 8" ().

(1.2) If the OSC is satisfied, then we have

. . . log pu(B(x,r))
1 cong . — K 1 e e
r{%(jab( (7)) zggdlmH {ze lim log !
1 B
. {x e 1| necloBR(B@T) C},
N0 logr

In particular, if the OSC is satisfied and o € R, then we have

hmloguwwza},

}i{‘réoab((,ion('?r)) = dimy {x €K ™0 log r

(2.1) If C is an interval and cn (= B'(R)) # @, then we have

con

oab (¢ )zztelgﬂ*(a)-
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(2.2) If C is an interval and cn (= B'(R)) # @ and the OSC is satisfied,
then we have

: . log u(B(z,7))
con = S d K 1 _— =
Uab( c ) Zlelg 1My {96 € Tl{% log r «Q
1 B
= dimy {w eK acciogu( (z,7) - C’}.
™0 logr

Proof. This follows immediately from the more general Theorem 3.2 in Sect.
3.2 by putting M = 1. O

3.2. Mixed multifractal spectra of self-conformal measures

Recently mixed (or simultaneous) multifractal spectra have generated an enor-
mous interest in the mathematical literature, see [3,31,35,36]. Indeed, previous
results (Theorems A and B) only considered the scaling behaviour of a sin-
gle measure. Mixed multifractal analysis investigates the simultaneous scaling
behaviour of finitely many measures. Mixed multifractal analysis thus com-
bines local characteristics which depend simultaneously on various different
aspects of the underlying dynamical system, and provides the basis for a sig-
nificantly better understanding of the underlying dynamics. We will now make
these ideas precise. For m = 1,..., M, let (pm.1,...,Pm,n) be a probability
vector, and let pu,, denote the self-conformal measure associated with the list
(V, X, (Si)i=1,..N (pm,i)i=17.._7N), i.e. py, is the unique probability mea-
sure such that

Hm = me,z,um © Sz_l (33)

The mixed multifractal spectrum f, of the list g = (p11,. .., puar) is defined by

(mguxB@aw>_ bguMu%xw»>::a}

log r T log r

lim

f,‘(a) = dimy {.’L‘ e K S

for a € RM. Of course, it is also possible to define generalised mixed multi-
fractal spectra designed to “see” different sets of divergence points. Namely,
we define the generalised mixed Hausdorff multifractal spectrum F), of the list

= (p1,---,par) by

F, =di K ..
u(C) = dimy {x < N0 logr B logr

amc%mwmmy bywwmmvgc}

for C € RM. Again we note that the generalised mixed multifractal spec-
trum is a genuine extension of the traditional mixed multifractal spectrum

F,(a), namely, if C = {a} is a singleton consisting of the point «, then
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clearly F,(C) = f.(a). Assuming the OSC, the generalised mixed multifractal
spectrum F),(C) can be computed [31,35]. In order to state the result from
[31,35], we introduce the following definitions. Define A, ®,, : ¥ — R for m =
1,...,M by A(i) = log |DS;, (Si)| and ®,,(i) = log py, i, for i =iyis... € XN,
and write ® = (®,...,®,/). Define 3 : RM — R by

0= P(B(q)A+ (q|®))

for g € RM; recall that if ¢ : ¥ — R is a Hélder continuous map, then P(y)
denotes the pressure of ¢. Also, for x,y € RM, we let (x|y) denote the usual
inner product of x and y, and if ¢ : RM — R is a function, we define the
Legendre transform ¢* : RM — [—00, 00] of ¢ by

P (x) = igf(<XIy> +¢(y))-

The generalised mixed multifractal spectra f, and Fj, are now given by the
following theorem.

Theorem C. [31,35] Let jiy, ..., pun be defined by (3.3) and let C C RM be a
closed set. Put u = (p1,-..,unr). If the OSC is satisfied, then we have

Fu(C) = sup 3*(a).
acC
In particular, if the OSC is satisfied and o € RM | then we have
fula) = 3%(a).

As a second application of Theorems 2.1 and 2.2 we obtain a zeta-function
whose abscissa of convergence equals the generalised mixed multifractal spec-
trum F,(C) of a list p of self-conformal measures. This is the content of the
next theorem.

Theorem 3.2. (Multifractal zeta-functinons for mixed multifractal spectra of
self-conformal measures) For m = 1,..., M, let (pm1,--.,Pm,N) be a prob-
ability vector, and let p,, denote the self-conformal measure associated with
the list (V, X, (Si)i=1,..N, (Pm.i)i=1,..N ), i.e. [y, 15 the unique probability
measure such that p,, = Zipm,i#m o Si_l.

Forie X, let

s; = sup |DSj(mu)l.
uexlN

For a closed set C C RM we define the self-conformal multifractal zeta-

function by
0 (s) = >
i

logpy logppr i
—L ., Lol ) eC
Tog diam K; """ Tog diam K;
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For a closed set C CRM and r > 0, we define the self-conformal multifractal
zeta-function by

&"(si1) = Calen (s:7)

_ E s
= Si -

i

. logpq i log Py i
dist ( (logdiam K logdiam K ’C <r

Define A, @, - SN = R form =1,...,M by A(i) = log|DS;, (75i)| and
D, (1) = logpm,i, fori=riyis... € YN and write ® = (®y,...,®yr). Define
B:RM R by

0=P(B(q)A + (q|®))

for q € RM. Let C be a closed subset of RM. Then the following hold:
(1.1) We have

lim o, ( " (7)) = sup 6% ().
li 02 (E(47)) = sup 6 (@)

(1.2) If the OSC is satisfied, then we have

li cony .
Tl{l}jaab( & (1))
1 B I
Hm<0gu1( (33’7“))7”.’ og v (B ) }
™0 logr logr

ace <log pi(B(z,7)) log par (B(z,7)) ) }

=supdimpyqx € K
acC

=dimyqr e K N
™0 logr log r

(2.1) If C is convex and cn (= VB(RM)) # @, then we have
aab( 89") = sup 5" ().
acC

(2.2) If C is convex and cn (—VB(RM)) # @ and the OSC is satisfied, then

we have
Uab( Egn)
1 B 1
= supdimy{ z € K | lim 08 /11 ( (xm))’.”’ 0g tir (B
acC ™0 logr logr
— dimy € K| ace logm(B(fw"))wwloguM( (z,7)) co
™0 logr log r

We will now prove Theorem 3.2. Recall that the function A : N — R is
defined by

A(i) = log | DS;, (wSi)| (3.4)
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for i = iyiy... € ¥V, It is well-known that A satisfies Conditions (C1)-(C3)
in Sect. 2.1. Also, a straightforward calculation shows that supyc;; exp ZLll:_Ol
AS*Fk = supyesy |DSi(mu)| = s; fori € ©*. Next, recall that ® = (®y,..., Pyy)
where @, : ¥V — R is defined by ®,,(i) = 1ogpm 4, for i=iyiz... € »N. For
p € PEY), we will write [@du = ([ ®1du,..., [ Py du). Finally, define
U:P(EY) — RM by

()]
Up=d 2 (3.5)

Ad
ue EN}.

—

=

—~

=

and note that if i € ¥*, then

. log p1 i log pas i
ULy i = 2 ey ’
il { < log | DS;(mu)| log | DS;(mu)|
Hence, for C C RM we have

My = Y s

UL [iICB(C,r)

_ E s
= S5

i

{( logﬁ(ﬁ;?(’iun logk\)ils)%’wiuﬂ ) ‘ uesH}CB(Cyr)
= > s (3.6)
i
vuest : dist ( ( 1ogl|(§sp;1<'vim)| logl(\)lig%wiu)\ ).c)<r

In order to prove Theorem 3.2, we first prove the following three auxiliary
results, namely, Propositions 3.3-3.5.

Proposition 3.3. Let U and A be defined by (3.5) and (3.4), respectively. For
a € RM | we have

h(w) .
sup  — = [*(a).
HEPs(EN) fAd/’L
Up=a

Proof. This result is folklore for M = 1. The proof of Proposition 3.3 for an
arbitrary positive integer can (with some modifications) be modelled on the
argument for M = 1. However, for the sake of brevity we have decided to omit
the proof. O
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Proposition 3.4. Let U and A be defined by (3.5) and (3.4), respectively. Let

C be a closed subset of RM . If C is convex and CN (— VB(RM)) # @, then
FUA
Proof. Note that it follows from Theorem 2.1 and Proposition 3.3 that if W
is a closed subset of RM, then

is inner continuous at C.

iU,A(W) _ h(:u)

= sup —
pepss [ Adp

Upew
_ h(w)
= sup sup

aEW pePg(zV) B f Adp
Up=a

= sup %(a). (3.8)
acW

Also, since the function 8* satisfies {& € RM | 3*(a) > —oco} = VB(RM) (see

[44, Corollary 26.4.1]) and the set C is convex with C'N (= VA(RM)) # &,
we conclude immediately from (3.8) that f YA s inner continuous at C. [

Proposition 3.5. Let U and A be defined by (3.5) and (3.4), respectively.

(1) There is a sequence (Ay), with A, > 0 and A,, — 0 such that for all
closed subsets C' of RM and for alln € N, i€ X" and u € N, we have

dist log p1 i log par i o
log |DSi(mu)| """ log |DSi(7u)| |’
: log i log pas i
< dist i : c)+A,,
= ((logdiamKi7 "logdiam K; |’ *
(3.9)
. log p1,i log pasi
dist _— . C
. ( ( logdiam K; *~ "7 logdiam K; |’
: log p1,i log pasi
< dist i 7 c|+aA,. (310
= ( <log DS log | DS ()] |0 € ) A (310
(2) For all closed subsets W of RM and all v > 0, we have
Uab( CI(/JI}A('; 7')) < Uab( ch(r1W72T) ) s (3.11)

Tab (C8lwy ) < oan (G (527) ). (3.12)
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(3) Let C be a closed subset of RM. We have

g o (GE(31)) = oG (7))

(4) Let C be a closed subset of RM . If C is convex and on (—=VBRM)) # &,
then we have

7 (GE") = o(C).

Proof. (1) It is well-known that there is a constant ¢g > 0 such that for all
i e X*andall u € 2V, we have % < % < ¢p, see, for example, [11]
or [42]. Tt is not difficult to see that the desired result follows from this and
the fact that the function A : XN — R defined by A(i) = log|DS;, (75i)| for
i=i1iy... € XV satisfies Conditions (C1)-(C3) in Sect. 2.1.

(2) Fix r > 0. Let (Ay,), be the sequence from (1). Since A,, — 0, we can find
a positive integer N, such that if n > N, then A,, < r. Consequently, using
(3.10) in Part (1), for s € R, we have

W (sir) = > 5§

i

T logplx logpM;
vuest s dist ( ( g DS, (xw] »** g 1DS; r| )W) <r

IN
(]
-

i
1<, i[>,
. log py i log ppg i
vuext : dist ( ( Tog DS, (ra)] *** Tog [DS; Grad)| )W) <r

< > s+ > s

1
lil <N, i> N,
. logpy i log P i
dist ( ( Tog diam K; ****? Tog diam K; W ) <r+Ayy

< s+ > 5§

i
lil<N, li|>N,
. log py i logpps i
dist ( ( log dian;Ki 7t log diam'Ki ’W S 2r

< > s+ > si
i i

1
Ji|[<N, ; log py i log Py i
dist Tog diam K; ***? Tog diam K; W) <2r
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Z si + CBiwar(s)- (3.13)

i \<Nr

A similar argument using (3.1) in Part 1 shows that

ot (5) Z 55+ o (s;2r). (3.14)

<N,

The desired results follow immediately from inequalities (3.13) and (3.14).
(3) This result follows from Part (2) by letting r \, 0.
(4) “<” Tt follows from (3.12) and Theorem 2.1 that

O'ab( °°”) < hm mf Uab(CB(c T,)) [since C' C B(C,r)]
< hgl\l(r)lfaab(éc’ (52r)) [by (3.12)]
= o) [by Theorem 2.1].  (3.15)

Next, since C' is convex and COZ’ N ( — VB(RM )) # @, we conclude from Propo-
sition 3.4 that iU’A is inner continuous at C, and it therefore follows from
Theorem 2.2 that fV*(C) = Jab(Cg"A). The desired result follows from this
and (3.15). B

“>" Let ¢ > 0. For all » > 0 with 2r < ¢, it follows from (3.11) applied to
W = I(C,¢) (recall that I(C,e) = {z € C| dist(z,dC) > £}, see Sect. 2.3)
that

Uab(CI ce) (5 7)) < gab(CBl1(0,e).20) )- (3.16)

However, for 2r < ¢ it is not difficult to see that B(I(C,¢),2r) C C (see, for
example, the proof of Lemma 8.2), whence aab( Cg’("l(c o).2r) ) < aab( en ), and
we therefore conclude from (3.16) that if 2r < e, then

aab(Cf(’é\,E)(-;r)) <o (CE"). (3.17)
Letting » \, 0 in (3.17) we now deduce that
hm\sgp Uab(Cﬁ’ég)(-;T)) <o (CE"). (3.18)

Next, since I(C, ¢) is closed, we deduce from Theorem 2.1 that limsup,. o oap
( g(’é\s)(-;r)) = fUM(I(C,e)), and (3.18) therefore implies that

FPMI(Ce)) < aan(CET). (3.19)

Finally, it follows from Proposition 3.4 that iU’A is inner continuous at C,

whence lim.\ o iU’A( I(Ce)) = iU’A(C). The desired result follows from this
and (3.19). O
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We can now prove Theorem 3.2.

Proof of Theorem 3.2. (1.1) and (2.1) The statements in Part (1.1) and Part
(2.1) of Theorem 3.2 follow immediately from Theorem 2.1, Propositions 3.3
and 3.5.

(1.2) and (2.2) The statements in Part (1.2) and Part (2.2) of Theorem 3.2
follow immediately from Part (1.1) and Part (2.1) using Theorem 2.2 and
Theorem C. U

3.3. Multifractal spectra of self-similar measures

Due to the important role self-similar measures play in fractal geometry, it is
instructive to note the following special case of Theorem 3.1.

Theorem 3.6. (Multifractal zeta-functinons for multifractal spectra of self-
similar measures) Assume that the maps S1, ..., Sy are contracting similarities
and let r; denote the contraction ratio of S;. Fori=1iy---i, € X*, let

Ty =TT

Let (p1,...,pN) be a probability vector, and let p denote the self-conformal
measure associated with the list (V, X, (Si)i=1,.n, (pi)i:l,...,N); e 18
the unique probability measure such that ="y, pyip o S,;l,

For a closed set C C R, we define the self-similar multifractal zeta-function

by
am(s) = Z i

log p;
Tog diam K; €

For a closed set C C R and r > 0, we define the self-similar multifractal

zeta-function by
CE RN SR
i

. log p;
dist ( Tog diam K’ C) <r

and if a € R and C = {a} is the singleton consisting of «, then we write
Cols;r) = Cals;r), i.e. we write

M (syr) = Z i

log pj
| log diam K; a|<r

Define 5: RM — R by

> oo =1
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for g € R. Let C be a closed subset of R. Then the following hold:
(1.1) We have

liny o (E(37)) = s (o).

In particular, if « € R, then we have
lim oG5 (7)) = (@)

(1.2) If the OSC is satisfied, then we have
. im : . log u(B(z,r))
71}{1(1)03[,( s (.;r)):zggdlmH{wEK }%T:a

lguwwco}

= dimpy {l‘ ek
™0 logr

In particular, if the OSC' is satisfied and o € R, then we have

hmloguwwza},

N0 logr

}i\rﬁ)aab(ggm(-;r)) = dimy {x eK

[}
(2.1) If C is an interval and C'N (mini }ggf,’f,maxi f}i—f?) #+ &, then we have

b (CE™) = sup §*(a).
aeC

(2.2) If C is an interval and C' N (min; iiifz,maxi iggi) # & and the OSC
1s satisfied, then we have

. . . lo B(z,r
O'ab( 3’"):2161;C)d1m|.| {CEGK }l{%gul(og(r))a}
1 B
= dimy {a: eEK acciog'u( (z,7)) c C’}.
N0 log r
Proof. Theorem 3.6 follows immediately from Theorem 3.1. 0

It is, of course, also possible to formulate a version of Theorem 3.2 for a
finite list of self-similar measures. However, for sake of brevity we have decided
not to do this.

3.4. Multifractal spectra of ergodic Birkhoff averages

We first fix v € (0,1) and define the metric d, on ¥V by d,(i,j) =
pmaxin [in=jln}. throughout this section, we equip XN with the metric d, and
continuity and Lipschitz properties of functions f : ¥V — R from IV to R will
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always refer to the metric d,. Multifractal analysis of Birkhoff averages has
received significant interest during the past 10 years, see, for example, [2,12-
14,33,36,41]. The multifractal spectrum F;rg of ergodic Birkhoff averages of a

continuous function f : XN — R is defined by

n—1
liTan% Z f(S*i) = a}

F{¥(a) = dimy w{i exN
k=0

for o € R; recall that the projection map 7 : ¥ — R? is defined in Sect. 3.1
and that S : ¥ — N denotes the shift map. One of the main problems in
multifractal analysis of Birkhoff averages is the detailed study of the multi-
fractal spectrum F;rg. For example, Theorem D below is proved in different
settings and at various levels of generality in [12-14,33,36,41]. Before we can
state our result we introduce the following notation. If (z,), is a sequence
of real numbers, then we write acc,, x,, for the set of accumulation points of
(Tn)n, €.

acc, = {a? eR ’ x is an accumulation point of (x,,), }
n

Also, recall that Pg(XN) denotes the family of shift invariant Borel probability
measures on Y and that h(u) denotes the entropy of u € Pg(XN). We can
now state Theorem D.

Theorem D. [12-14,33,36,41] Let f : XN — R be a Lipschitz function. Define
A 3N - R by A(i) = log |DS;, (75i)| for i=iyia... € V. Let C be a closed
subset of R. If the OSC' is satisfied, then

15~ h(p)

dimy7iie XV | ace= f(Ski) CCp=sup sup — .

{ nn kZ:o a€C pePs (V) fAd,u

[ fdp=a
In particular, if the OSC is satisfied and a € R, then we have
n—1
. . 1 . h(w)

dimyrie N[ lim =Y f(S*)=ap= sup - .

{ non kzzo peps(zy [ Adp

J fdp=a

As a third application of Theorem 2.1 we obtain a zeta-function whose ab-
scissa of convergence equals the multifractal spectrum F™ of ergodic Birkhoff
averages of a Lipschitz function f. This is the content of the next theorem.

Theorem 3.7. (Multifractal zeta-functinons for multifractal spectra of ergodic
Birkhoff averages) Let f : XN — R be a Lipschitz function.
Forie X", let

51 = sup | DSy(ru)|
ueXN
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and write i =1iii... € XN, For a closed set C C RM, we define the self-similar
multifractal zeta-function of f by

&E(sir) = > 53,
i
dist (& SHS! F(s#D) . 0) <r
and if a € R and C = {a} is the singleton consisting of «, then we write
Cols;r) = Cals;r), i.e. we write

Gsn= Y s
i
| i rsH) —a| <
Define A : N — R by A(i) = log |DS;, (7Si)| for i = iyiz... € XN, Then
the following hold:

(1) We have
: er h(p)
lim o, (Co8(;r)) = sup  sup  — .
™0 ( © ) a€C pePs(TV) JAdp
J fdp=a
In particular, if « € R, then we have
. h(p)
lim oap(CS8(57) ) = sup  — .
Ao (G7) peps(my [ Adp
[ fdu=a

(2) If the OSC is satisfied, then we have

lim oap (CSE(+; 7)) = sup dimy 7 ie XN
oy o)) = st

1 n—1
lim — > f(SH) = a}

k=0

:dime{i e xN

n—1
agc% Z f(Ski) € C}.

k=0
In particular, if the OSC is satisfied and o € R, then we have

n—1
1131% > f(SH) = a}.

lim o, ( CS8(+;7) ) = dimy ﬂ'{i e xN
\,0 P

We will now prove Theorem 3.7. Recall that the function A : ¥ — R is
defined by

A(i) =log|DS;, (wSi)| (3.20)

for i = dyiy... € ¥V, It is well-known that A satisfies Conditions (C1)—(C3)
in Sect. 2.1. Also, a straightforward calculation shows that SUPyc(j] €XP ZLll;Ol
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AS*k = supyesw |DSi(mu)| = s; for i € ¥*. Finally, define U : P(ZV) — RM
by

Up= /fdu (3.21)
and note that if i € ¥*, then
1 li|—1
ULy lil = {m F(S* (i) |u e EN}.
k=0

Hence, for C' C R we have

CeM(sir) = > 8§

ULm [i]lgB(C,T)

— S
= E Si

i

{ & SHS p(sk () |uest}CB(Cr)

= > 5. (3.22)

i

vaest : dist (& SHL F(SkGw),C) <r

In order to prove Theorem 3.7, we first prove the following auxiliary result,
namely, Proposition 3.8.

Proposition 3.8. Let U and A be defined by (3.21) and (3.20), respectively.

(1) There is a sequence (Ay), with A, > 0 for all n and A, — 0 such that
for all closed subsets C of R and for alln € N, i € ¥ and u € XV, we
have

li|—1 li|—1
dist <|1| > F(Sk (i), 0) < dist (h > S, C) + A,
k=0 k=0

li|-1 li|—1
dist <ﬁ| S F(sH (), c) < dist (h S F(8* (), c) + A
k=0 k=0
(2) We have

lim o (GE¥(57) ) = limy o (G2 (57)).
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Proof. (1) Let Lip(f) denote the Lipschitz constant of f. It is clear that for
alln € N,i€ X" and u € XV, we have

n—1 n—1
NS @) - S (M) Z FS*@) - £(5*w)
k=0 k=0
< Lip(f Zd (S*(i), S*(iu) )
k::O

n—1
. 1
< Llp(f)g E o
k=0

< Lip(f)n(%—v)'

It is not difficult to see that the desired result follows from (3.23).
(2) This statement follows from Part (1) by an argument very similar to the

proof of Part (2) and Part (3) in Proposition 3.5, and the proof is therefore
omitted. 0

(3.23)

We can now prove Theorem 3.7.

Proof of Theorem 3.7. (1) This statement follows immediately from Theorem
2.1 and Proposition 3.8.

(2) This statement follows immediately from Part (1) using Theorem 2.2 and
Theorem D. O

4. Preliminary results

The purpose of this short section is to prove Proposition 4.1 establishing var-
ious auxiliary results needed for the proof of Theorem 2.1. Let ¢y and cpax
be the constants from the Condition (C2) in Sect. 2.1 and write

. — pCmin
Smin = € i

Smax = €°max, (4.1)

We can now state and prove Proposition 4.1. Recall, that for i € ™ the
number s; is defined by s; = supyep;; exp Z:;S AS*k, see Sect. 2.1.
Proposition 4.1. Let ¢ be the constant from Condition (C3) in Sect. 2.1. Let
i,jeXx .

(1) 0< sli‘ <5 < sty < 1.

(2) s,J<ssJ<cslJ

(3) s

(4)

4 For k € EN and a positive integer n, we have exp Y ,_ SAS k < skn
cexp Y p_oAS*k.
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(5) Fork € XN and a real number o, the following two statements are equiv-
alent:
(i) 30—y AS*k — a.
(ii) %log Skjn — Q.

Proof. Statements (1), (2) and (4) follow easily from the definitions. Statement
(3) follows from (1) and (2), and statement (5) follows from (4). O

5. Proof of inequality (2.1)

The purpose of this section is to prove Theorem 5.5 providing a proof of in-
equality (2.1). The proof of (2.1) is based on results from large deviation the-
ory. In particular, we need Varadhan’s [45] large deviation theorem (Theorem
5.1.(i) below), and a non-trivial application of this (namely Theorem 5.1.(ii)
below) providing first order asymptotics of certain “Boltzmann distributions”.

Definition. Let X be a complete separable metric space and let (P,), be a
sequence of probability measures on X. Let (a,), be a sequence of positive
numbers with a, — oo and let T : X — [0,00] be a lower semicontinuous
function with compact level sets. The sequence (P,),, is said to have the large
deviation property with constants (a, ), and rate function I if the following
two conditions hold:

(i)  For each closed subset K of X, we have
1
li —log P,(K) < — inf I(x).
imsup -~ log (K) < — inf I(z)
(ii)  For each open subset G of X, we have
1
liminf — log P,,(G) > — inf I(z).
im in o og P,(G) > inf (x)

Theorem 5.1. Let X be a complete separable metric space and let (Py,), be
a sequence of probability measures on X. Assume that the sequence (Pp)n
has the large deviation property with constants (a,), and rate function I. Let
F: X — R be a continuous function satisfying the following two conditions:

(i) For all n, we have

/exp(anF) dP, < oo.
(ii) We have

1
lim limsup — 1og/ exp(an,F)dP, = —cc.
n (M<F)

—00 Ay,

(Observe that the Conditions (i)-(ii) are satisfied if F is bounded.) Then the

following statements hold.
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(1) We have
.1 .
hrrln - log/exp(anF) dp, = — ;gi([(x) — F(x)).
(2) For each n define a probability measure Q,, on X by
_ Jpexp(a,F)dP,
- [expla,F)dP,

Then the sequence (Qyn)y, has the large deviation property with constants
(an)n and rate function (I — F) —inf,cx(I(z) — F(x)).

Qn(E)

Proof. Statement (1) follows from [9, Theorem II.7.1] or [7, Theorem 4.3.1],
and statement (2) follows from [9, Theorem II1.7.2]. O

Using Theorem 5.1 we first establish the following auxiliary result.

Theorem 5.2. Let X be a metric space and let U : P(XN) — X be continuous
with respect to the weak topology. Let C' C X be a closed subset of X andr > 0.
Ift € R, then

1

lim sup — log si < sup (t / Adp+ h(,u)) .

n n llz_:n i e P (T
UL,[i]CB(C,r) UpeB(C,r)

Proof. We start by introducing some notation. If i € 3%, then we definei € N
by i =ii.... We also define M,, : 3% — Pg(ZN) by

A@i:Ln(ﬂﬁ)

B 1 n—1 5
—ggzﬂﬂm
k=0

for i € XN, recall, that the map L, : ¥ — P(XV) is defined in Sect. 2.
Furthermore, note that if i € XN, then M,i is shift invariant, i.e. M, maps
YN into Pg(XV) as claimed. Next, let P denote the probability measure on XN
given by
iy}
P=X>»" —g.

N z_; N

Finally, we define F' : Ps(XY) — R by

F(u) :t/Adu.

Observe that since A is bounded, i.e. ||Aljo < 00, we conclude that ||F||. =
[t]|Allco < oo. Also, for a positive integer n, define probability measures
P, Qn € P(PS(EN)) by
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P,=PoM,",
S5 exp(nF)dP, N
n(B)=——"—— for EC .
@n(E) [ exp(nF)dP, or B Ps(X7)
We now prove the following two claims. O

Claim 1. We have

ST SR
k|=n k|=n
UL.[k]CB(C,r) UM, [k]CB(C,r)

Proof of Claim 1. Observe that if |k| = n, then M, [k] = {M, (kl) |1 € XN} =
{L,((kD)[n)|1le XN} = {L,k|l € =N} = {L,k} C L,[k]. The desired result
follows immediately from this inclusion. This proves Claim 1. O

Claim 2. We have

> st <N / s, dP(i).
k|=n
UM, [‘k]‘EB(Cﬂ“) {ie= | UM, GinicB(Cm) }

Proof of Claim 2. 1t follows that

S]is|n dP(i)
{iezr |UafilnicBCn }

= > / s, dP (i)

e=n A {iez |vnaliimicBOm }

> sep(mn {fest|unin € Ben})
|k|=n
S s P([k] N {j exN ‘ UM,ljln] B(C’,r)} ) (5.1)
k|=n
UM, [K]CB(C,r)
However, for k with |k| = n and UM, [k] C B(C,r), it is clear that [k] C {j €
SN UM,[j|ln] € B(C,r)}, whence [k] N {j € XN |UM,,[j|n] € B(C,r)} = K]
This and (5.1) now imply that

Y

{ies | umliinic B}
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Y

> sp( 0 {jes o c Ben})

k|=n
UMy k]S B(C,r)

= > skP()

|k|=n
UMy, [k]CB(C,r)

1
- Z Sk Nn®
[k|=n
dist(ULk,C )<r

Hence
> sk<ANm / sy, dP(i).
|k|=n R .
UM, [K]CB(C,r) {jes |UMHU‘"]§B(C7T)}
This completes the proof of Claim 2. O

Combining Claims 1 and 2 shows that

SR S
|k|=n k|=n
UL, [kK|CB(C,r) UM, [K]CB(C,r)

< N" 81, AP(i). (5.2)
{iez |um,liimicBom }

Let ¢ be the constant from Condition (C3) in Sect. 2.1, and notice that it
follows from Proposition 4.1 that if i € YN and n is a positive integer, then we
have s{,, < exp(tS7—0 AS*(i[n) ). We conclude from this and (5.2) that

> sk Nt / st dP (i)
k|=n
UL, [‘k]lgB(C,r) {jEEN ’ UM, [jln]QB(C,r)}

<t vm / exp (tf/\sk <1Tn) ) dP(i)
k=0

{iezv|um,GiimcBOm }

=N / exp (m / Ad(Mni)> dP(i)

{ie=v|um,GimcBOm }
=N / exp (nF(My,i)) dP(i).

{ies | um,limicBe.n }
(5.3)
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Noticing that {j € XN |UM,[j|n] € B(C,r)} C {j € ¥Y|UM,j C B(C,r)} =
{UM,, € B(C,r)}, we now deduce from (5.3) that

Z st < N exp (nF(Myi)) dP(i)
k|=n
UL, [lk]‘QB(C,r) lies | vangimicnien}
< clthyn / exp (nF(Myi)) dP(i)
{vm,eBCcm)}

= clthnn / exp (nF) dP,
{veBc.n)}
=clthnn Qn({U € B(C, r)}) /exp (nF) dP,. (5.4)

Tt follows immediately from (5.4) that

1
limsupglog Z st <logN + hmsup loan({UeB(C,r)})
n

li|=n
UL, [{]CB(C;r)

1
+ limsup flog/exp (nF) dP,. (5.5)
noon

Next, we observe that it follows from [9] that the sequence (P, = P o
MY, C P(PS(EN)) has the large deviation property with respect to the
sequence (n), and rate function I : Pg(XY) — R given by I(u) = log N —h(u).
We therefore conclude from Part (1) of Theorem 5.1 that

. 1 .
hmnbup - 1og/exp (nF) dP, = VE%IQEEN)(I(V) F(v)). (5.6)
Also, since the sequence (P, = Po M, '), C P(Ps(Z")) has the large devia-
tion property with respect to the sequence (n),, and rate function I : Pg(XV) —
R given by I(y) = log N — h(p), we conclude from Part (2) of Theorem 5.1
that the sequence (@), has the large deviation property with respect to the
sequence (n), and rate function (I — F) —inf,cpg sy (I(v) — F(v)). As the
set {U € B(C,r)} = U Y(B(C,r)) is closed, it therefore follows from the large
deviation property that

limsup%loan({U € B(C’,r)})

<t (UG- F) -t () - F@»). 6
UpeB(C,r)
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Combining (5.5). (5.6) and (5.7) now yields

limsup%bg Z st <logN + limsupgloan<{U€B(C,T)}>
n li=n n

UL, [{ICB(C,r)
1
+ limsup - log/exp (nF) dP,

<logN — inf ((I(p)—F
< log et ((I(p) = F(p))
UpeB(C,r)

— inf (I(v)— F(Z/)))

vePg(ZN)

- Ve?grsleN)(I(V) - F(v))

=logN + sup (F(p)—I(n)
nePs(EN)
UpeB(C,r)

= sup (t/Adu—i— h(u)) )
HEPs(ZN)

UpeB(C,r)

This completes the proof. O
We will now use Theorem 5.2 to prove Theorem 5.5 providing a proof of
inequality (2.1). However, we first prove two small lemmas.

Lemma 5.3. Let X be a metric space and let f,g : X — R be upper semi-
continuous functions with f,g > 0. Then fg is upper semi-continuous.

Proof. Since f and g are upper semi-continuous with f,g > 0, this result
follows easily from the definition of upper semi-continuity, and the proof is
therefore omitted. O

Lemma 5.4. Let X be a metric space and let ® : X — R be an upper semi-
continuous function. Let K1, Ks,... C X be non-empty compact subsets of X
with K1 O Ko O ---. Then

inf sup ®(x) = sup P(x).

" zeK, €N, Ky
Proof. First note that it is clear that inf,, sup,c ., ®(2) > sup,cn g, ®(z). We
will now prove the reverse inequality, namely, inf,, sup,c g ®(z) < sup,cn, x,
®(x). Let ¢ > 0. For each n, we can choose z,, € K, such that ®(z,) >
sup,ex, ®(r) — e. Next, since K, is compact for all n and K1 2 Ky 2
-+, we can find a subsequence (z,,)r and a point xg € N,K, such that
T, — 0. Also, since Ky, 2 Ky, 2 -+, we conclude that sup,cr, ®(z) >
SUD,ek,, ®(x) > -+, whence infy, SUD, e, ®(x) = limsupy SUDyc, D(x).
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This implies that inf,, sup,c r, ®(x) < infy, SUD,cr, ®(z) = limsup,, SUP, e,
®(x) < limsup, ®(z,, ) + . However, since z,, — xg, we deduce from the
upper semi-continuity of the function @, that limsup, ®(x,, ) < ®(xp). Con-
sequently inf, sup,cx ®(x) < limsup, (2, ) + ¢ < P(z0) + € < sUPen, g,
®(x) + . Finally, letting £ \, 0 gives the desired result. 0

We can now state and prove Theorem 5.5.

Theorem 5.5. Let X be a metric space and let U : P(XY) — X be continuous
with respect to the weak topology. Let C C X be a closed subset of X andr > 0.

(1) We have

h(p
Uab(CgA('?r)) < e;uI()ZN) _f/(\d)/l.
123 S

UpeB(C,r)
(2) We have
. h(p)
limsup o, CU’A(-;T) < sup — .
~NO (e ) nepsy [ Adu
UneC
Proof. (1) For brevity write
u= sup — hlp) .
pers(my [ Adu
UneB(C,r)

We must now prove that if ¢ > u, then

Yo si<oo
i
ULm [i]gB(C,’I‘)

Let t > u and write € = % > 0. It follows from the definition of u that if

p € Pg(EN) with Up € B(C,r), then we have —fhlg‘il)ﬂ <u+te=(u+t2¢e)—e,
whence —h(p) > (u+ 2¢) [ Adp — e [ Adp where we have used the fact that
J Adu < 0 because A < 0. This implies that if 4 € Pg(EN) with U € B(C,r),

then

(u+25)/Ad,u+h(,u) SE/Adu

S €Cmax

= —¢ |Cmax|-

We deduce from this inequality and Theorem 5.2 that
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1
li — E t
1mnsup - log S;
li|=n
ULn[i]CB(Cr)
1
= limsup — lo E ut3e
1mn up - Iy s

1
li|=n
UL.HICB(C,r)
1
< limsup — lo sut2e
< limsup -~ log >

1

li|=n
UL, [{ICB(C,r)
< sup ( (u + 2e¢) / Adp+ h(p) ) [by Theorem 5.2]
HEPs(ZN)
UpeB(C,r)
S —€ |Cmax|
< —2e|Cmaxl- (5.8)

Inequality (5.8) shows that there is an integer Ny such that %log
> ij=n, ULLHICB(Cr) ST < — 1€ |cmax]| for all n > Ny, whence

S st<erdelondn (5.9)

li|=n
UL, [{]SB(C,r)
for all n > Ny. Using (5.9) we now conclude that

PN S VRED DR S DR DR

i n<No lil=n n>No li|l=n
UL [iICB(C,r) UL,[{]CB(C,r) UL, [{]CB(C,r)

< Z Z st + Z e~ 3¢ lemax|n

n<Ng li|=n n>Ng
UL, ICB(C,r)

< 0.

This completes the proof of (1).
(2) It follows immediately from Part (1) that

h
lim sup aab(Cg’A(~;r)) <limsup sup — (1) . (5.10)
™\.0 r\,0 nEPs(XN) fAd/J'
UpeB(C,r)
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Also, the function r — sup,cp, sy, vpeB(Cr) —% is clearly increasing,
and it therefore follows that

. h(p) . h(w)
limsup  sup — = inf sup  — . (5.11)
O peps(ey S Ak epgey [ Adp

UpeB(C,r) UpeB(C, %)

Next, since the function U : P(ZY) — X is continuous, we conclude that the
set U7'B(C, 1) is closed, and it therefore follows that the set Kj = Pg(XV)N
U~'B(C, 1) is compact. Also, since the entropy function h : Pg(XY) — R is
upper semi-continuous (see [47, Theorem 8.2]) with ~ > 0 and the function f :
Ps(XN) — R given by f(u) = 7]/\#@ is continuous (because A is continuous)

with f > 0, we conclude from Lemma 5.3 that the function ® : Pg(XN) — R

given by ®(u) = f(u)h(p) = — [hlg’;)u is upper semi-continuous. Lemma 5.4
applied to ® therefore implies that

: hp) . ()

inf sup — = inf sup —

k HEPS(ZN) fAd,u k HeKy fAd/J,

UneB(C,1)
h
= sup -— (1) . (5.12)

HENE Ky f A d:u

However, clearly Ny K, = ﬂk(Ps(EN) N UﬁlB(C,%)) = 'Ps(EN) NnU-c,
whence

h(w) h(p)
sup — = sup ————. 5.13
peENE Ky, fAd,u wePs (V) fAd,LL ( )
UpeC
Combining (5.12) and (5.13) gives
, h(p) h(p)
inf  sup — = - . (5.14)
k pEPs(TV) fAd‘LL HE'];EN) fAdM
UHEB(CU%) UpeC

Finally, the desired result follows by combining (5.10), (5.11) and (5.14). O

6. Proof of inequality (2.2)

The purpose of this section is to prove Theorem 6.6 providing a proof of
inequality (2.2).

We first state and prove a number of auxiliary results. For i,j € ¥V with
i#j, we will write i A j for the longest common prefix of i and j (i.e. iAj=u
where u is the unique element in * for which there are k,1 € N with k =
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k1ks ... and 1 =1Iyly ... such that k; # [;, i = uk and j = ul). We will always
equip XN with the metric dyw defined by

0 if i = j;
dsn(i,j) = 6.1
(i, §) {Si/\j i (6.1)

for i,j € V. In the results below, we will always compute the Hausdorff
dimension of a subset of ¥V with respect to the metric dsn. Note that when
YN is equipped with the metric dsn, then

diam[i] = s; (6.2)
for all i € X*.

Lemma 6.1. Let (X,d) be a metric space and let U : P(XV) — X be continuous
with respect to the weak topology. Let C be a closed subset of X and r > 0.

(1) There is a positive integer M, such that if k > M,, u € TF and k,1 € N,
then

d(ULk(uk), ULi(ul)) < -
(2) There is a positive integer M, such that if m > M,., then
{i € EN‘ ULki€ B(C,%) for all k > m}
C {i e s ‘ ULL[ik] € B(C,r) for all k > m}.

Proof. (1) For a function f : ¥ — R, let Lip(f) denote the Lipschitz constant
of f,i.e. Lip(f) = sup; jesm ;45 w and define the metric L in P(ZV) by

=N (L]

L(u,v) = sup ‘/fdu /fdv
fEN—>]R

Lip(f

We note that it is well-known that L is a metric and that L induces the weak
topology. Since U : P(XN) — X is continuous and P(XY) is compact, we
conclude that U : P(XN) — X is uniformly continuous. This implies that we
can choose § > 0 such that all measures p,v € P(XV) satisfy the following
implication:

L(p,v) <6 = d(Up,Uv) < 3. (6.3)
Next, choose a positive integer M, such that
; <5 (6.4)
Mr<1 - Smax) ' ’

recall, that syax is defined in (4.1).
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If k> M,, uc X" and k,1 € £V, then it follows from (6.4) that

L(Lu(uid) L) = sup | [ fd(zatui) = [ fa(tacun)

f:ZNSR
Lip(f)<1
1 k—1 ‘ 1 k—1 ‘
= sup |- ) f(S'(uk)) =2 > f(5'(ul))
FENSR Vg i=0
Lip(f)<1
k—1
1 7 T
< sup %Zlf(s (uk)) — f(5*(ul))]
[iENSR AT
Lip(f)<1
= ' '
<< > dge(S'(uk), S(ul))
=0
1 k—1
= % Z 55i(uk)ASi(ul)
=0
1 k—1
k—
S Mr Z Smazc
=0
1
N Mr(l - Smax)
<9,

and we therefore conclude from (6.3) that d(ULg(uk), ULg(ul)) < §
(2) Tt follows from (1) that there is a positive integer M, such that if k > M,,
u € ¥F and k,1 € ¥V, then d(ULy(uk), UL (ul)) < %.
We now claim that if m > M,., then
{i € EN‘ ULyi€ B(C,Z) forall k > m}

)
c{iex” ‘ ULk[ik] € B(C,r) for all k> m}.
In order to prove this inclusion, we fix m > M, and i € IV with UL,i €
B(C, %) for all k& > m. We must now prove that ULy[ilk] € B(C,r) for all
k > m. We therefore fix & > m and j € [ilk]. We must now prove that

ULyj € B(C,r). For brevity write u = i|k. Since j € [i|k] = [u], we can now
find (unique) k,1 € XN such that i = uk and j = ul. We now have

dist (ULyj, C) < d(ULgj, ULii) +dist (UL, C)
= d(ULy(ul), ULi(uk) ) +dist (ULzi, C).  (6.5)

m > M, and u € ¥* we conclude that d(ULy
. Also, since k > m, we deduce that UL;i € B(C, %),

However, since k&
(uk), ULg(ul)) <

wls [V
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whence dist(ULgi, C') < 5. It therefore follows from (6.5) that

dist (Uij , C’) d(ULk(ul) , ULk(uk)) + dist (ULki, C)
L
-2 2
=r.
This completes the proof. O

Lemma 6.2. Let X be a metric space and let U : P(XN) — X be continuous
with respect to the weak topology. Let C C X be a closed subset of X. Then

dimy {i e xN

lim dist (U Lyni, ) = o} < fUM0);
recall that dimy denotes the Hausdorff dimension.

Proof. For a subset = of X, we let dimg= denote the lower box dimension of
E; the reader is referred to [10] for the definition of the lower box dimension.
We will use the fact that dimpy = < dimg= for all = C XN, see, for example,
[8].

We now introduce the following notation. For brevity write

F:{ieEN

lim dist( U Ly, C') = 0}.
Also, for a positive integer m and a positive real number r > 0, write
T,(r) = {i e =N ] ULyi € B(C,7r) for all k > m }
A (r) = {i e =N ‘ ULk[ilk] € B(C,r) for all k > m }
Observe that if M is any positive integer, then we clearly have

rc | rm) (6.6)

m>M

for all » > 0. We also observe that it follows from Lemma 6.1 that for each
positive number 7 > 0 there is a positive integer M, such that

Ln(3) € An() (6.7)
for all m > M.,.. Tt follows from (6.6) and (6.7) that

rc U m(5)
m>M,.

U Am (7‘)

m=
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whence
dimpy I’ < dimpy ( U Am(r)>
m>M,.
= sup dimpy A, (r)
m>M,.
< sup dimgA,,(r) (6.8)
m>M,
for all » > 0.

Fix a positive integer m. We now prove that
Anmyc  UJ 0 (6.9)

ieny(c,r)
for all 0 < § < s and all » > 0. Indeed, fix j € A, (r). Now, let ko denote

min

the unique positive integer such that if we write jo = j|ko, then s;, < d < 55,

i.e. 55, = 0. Since it follows from Proposition 4.1 that sfrfin = S‘Iflou‘l <sj, <0<
s, we conclude that ko > m, and the fact that j € A,,(r) therefore implies

that UL, (ljo] = ULg,ljlko] € B(C,r). This shows that jo € H?’A(C, ),
whence j € [jlko] = [jo] C Uien?» () [i]. This proves (6.9).

Inclusion (6.9) shows that for all 0 < 6 < s, the family ([i] )iGH(;U’A(C,r) is
a covering of A,,(r) of sets [i] with i € ng’A(C, r) such that diam[i] = s; < ¢
for all i € [T (C, 7). This implies that

: o [T (Cr)|
dimgA,,(r) < hgn\l(r)lf —(STgé (6.10)
for all r > 0. Since (6.10) holds for all m, we conclude that
) . log Yo,
mS;JI&T dimg A, (r) < hgn\lélf W (6.11)
for all » > 0.
Combining (6.8) and (6.11) now shows that
log [T (C
dimy T < T ing 208/~ (€1 (6.12)
5.0 —logd
for all » > 0. Finally, letting » \, 0 in (6.12) completes the proof. O

In order to state and prove the next lemma we introduce the following
notation. Namely, for a Holder continuous function ¢ : 3N — R, we will write

P(p)

for the topological pressure of . We can now state and prove Lemma 6.3.
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Lemma 6.3. Let p € Pg(XV) with supppu = XN. (Here supp p denotes the
topological support of p.) Then there exists a sequence (un)n of probability
measures on XN satisfying the following three conditions.

1) We have p, — p weakly.
M M

(2) For each n, the measure i, is ergodic.
(3) We have h(p,) — h(u).

Proof. Fix a positive integer n. Since supp u = XV, we deduce that uli] > 0
for all i € ¥*. Hence, for m € N and 1 - - - 7,,, € ¥, we can define p,, ;,...;,, by

plin - i) for m < n,
pnail"'i'm = m—n [ . . ]
Wikttt Ty (n— . .
1}:[1 #}m Pligm—n)+41 - - - im] for n < m.
(6.13)

Since clearly >, pns = 1 and >, Dnjiyeii = Pnjiy-in, for all m and all
i1+ iy, € XM, there exists a (unique) probability measure p, on XN such
that

P it m] = Prjiyei,

for all m and all iy - - - iy, € X™ (cf. [Wa, p. 5]). O
Claim 1. We have p,, — pu weakly.

Proof of Claim 1. Tt follows from definition (6.13) that w,[i] = w[i] for all
i € X™. This clearly implies that u, — p weakly. This completes the proof of
Claim 1.

O

Claim 2. For each n, there is a Hélder continuous function ¢, : XN — R
such that the following conditions hold.

(1) P(gn) =0,
(2) The measure ., is a Gibbs state of .

Proof of Claim 2. We first note that p, is shift invariant. Indeed, since p is
shift invariant, a small calculation shows that ). i, [ii] = p,[i] for all i € ¥*.
This implies that p,,(S7![i]) = py[i] for all i € ¥*, whence u,,(S™!B) = p,,(B)
for all Borel sets B.

Next we show that u, is a Gibbs state for a Holder continuous function.
Define ¢,, : N — R by

Pn(iriz...) = log (M) '
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The map ¢, is clearly Holder continuous, and it follows from the definition of
Ly that

—nllgnlloe min ulil < — Al e :
e min il < e =€ J.rrelgzgu[.l]

for all i € XN and all m > n. This shows that u, is the Gibbs state of ¢,,,
and that the pressure P(y,) of ¢, equals 0, i.e. P(¢,) = 0; cf. [Bo]. This
completes the proof of Claim 2.

O

Claim 8. For each n, the measure u, is ergodic.

Proof of Claim 3. It follows from Claim 2 that u, is the Gibbs state of a
Holder continuous function. This implies that u,, is ergodic. This completes
the proof of Claim 3. O

Claim 4. We have h(p,) — h(u).

Proof of Claim 4. For measurable partitions A, B of X, let h(u;.A) and h(u;
A|B) denote the entropy of A with respect to u, and the conditional entropy
of A given B with respect to u, respectively. Write C = {[i]|: € ¥} and
Cn = ViZ0S7*C = {[i]|i € ="}. It follows from Claim 2 that there is a Holder
continuous function ¢, : ¥ — R with P(p,) = 0 such that p, is a Gibbs
state of ¢,,. Since P(yp,) = 0 and p, is a Gibbs state of ¢, the Variational
Principle now shows that 0 = P(p,,) = h(pn) + [ ¢n dpy (cf. [Bo]), whence

iin) == [ on i
E— Z pliy - -+ in]log (M)

iz i)
= h(p;CnlCr-1). (6.14)

Next, we note that it follows from [DGS, 11.4] that h(p;Cp|Cr—1) — h(u;C),
and we therefore conclude from (6.14) that

h(pn) — h(p;C). (6.15)

Finally, it follows immediately from the Kolmogoroff-Sinai theorem that h(u;C)
= h(p). This and (6.15) now show that

W) — h(1).
This completes the proof of Claim 4. O

i1tin

The proof now follows from Claim 1, Claim 3 and Claim 4.
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The next auxiliary result provides a formula for the upper Hausdorff di-
mension of a probability measure. If 4 is a probability measure on XV, we
define the upper Hausdorff dimension of u by

dimpyp = inf Z.
ECEN
n(E)=1
H

(Recall that dimy denotes the Hausdorff dimension.) The next result provides
a formula for the upper Hausdorff dimension of an ergodic probability mea-
sure on XN. This result is folklore and follows from the Shannon-MacMillan-
Breiman theorem and the ergodic theorem. However, for sake of completeness
we have decided to include the short proof.

Proposition 6.4. Let pu be an ergodic probability measure on ¥N. Then dimpypu =

_ _h(w
JAdp:

Proof. Since p is ergodic, it follows from the Shannon-MacMillan-Breiman
theorem that

1 .
log p(iin]) — —h(p) for p-a.a.ic BN (6.16)
n
.. . Szl ASkE
Also, an application of the ergodic theorem shows that =:=0=2— — [ Adpy
for p-a.a. i € V. It follows from this and Proposition 4.1 that
1 iln
og% — /Adu for p-a.a. i € XN, (6.17)

Combining (6.16) and (6.17) now gives

logu(fin]) ~— h(p)
log Siln fAd/,L

Next, for each i € XN and 7 > 0, let n;, denote the unique integer such
that sy, , <r < S It follows from the definition of the metric dyx on LN
(see (6.1) and (6.2)) that B(i,”) = [i|ns]. Also, if we let ¢ denote the constant
from Condition (C3) in Sect. 2.1, then it follows from Proposition 4.1 that

Sijng, < T < S < %= S8jn;,.- Combining these facts, we now deduce from
(6.18) that '

for p-a.a. i € XN, (6.18)

lim 08ABE)) o og p((ilni.r])
™o logr r0 log sij, |
— lim log u([i|n])
n 1Og Si\n
h(w)

for p-a.a. i € 2N,
JAdp
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whence

1 B(i h
p-ess sup; lim inf og (B 7)) = — (1) ,
™0 log r JAdp
where p-esssup denotes the p essential supremum.

Finally, we note that it is well-known that dimpyp = p-esssup; liminf, o
log u(B(i,r))
logr

(6.19) that dimyu = p-ess sup; liminf,~ g

(6.19)

(see, for example, [11]), and it therefore follows immediately from

log w(B(i,r)) . h(n)
gHlog;r 77fAlzlu' L

The final auxiliary result says that the map C' — f U’A(C’) is upper semi-
continuous. In order to state this result we introduce the following notation.
For a metric space X, we write

F(X)= {F cX ‘ F is closed and non—empty} (6.20)

and we equip F(X) with the Hausdorfl metric D; recall, that since X may
be unbounded, the Hausdorff distance D is defined as follows, namely, for
E,F € F(X), write

A(E, F) = min < sup dist(z, F') , sup dist(y, E)) (6.21)
zel yelF

and define D by
D = min(1, A). (6.22)

Lemma 6.5. Let X be a metric space and let U : P(XY) — X be continuous
with respect to the weak topology. Equip F(X) with the Hausdorff metric D.
Then the function fU7A : F(X) — R is upper semicontinuous, i.e. for each
C € F(X) and each ¢ > 0, there exists a real number p > 0 such that if
F e F(X) and D(F,C) < p, then

FUMEF) < fUMN0) F e

Proof. Let C' € F(X) and € > 0. Next, it follows from the definition of iU’A(C’)
that we can choose a real number ry with 0 < ry < 1 such that

FORC o) < f7R(O) + e (6.23)

Let p = 7. We now prove the following claim.
Claim 1. Let F' € F(X) with D(F,C) < p. For all0 <r < p and all 6 > 0,
we have

N (For) < Ny (Cro)

Proof of Claim 1. Fix 0 < r < pand ¢ > 0. Since D(F,C) < p = 2 and ro < 1,
we first conclude that B(F, ) C B(C,rg). Hence, if i € Hg’A(F, r), then this

and the fact that 0 < r < p = % imply that ULy|[i] € B(F,r) C B(F,p) =
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B(F,%) € B(C,rp) and so i € Hg’A(C’, ro). This shows that HE’A(F,T) -

H?’A(C, r0), whence Ng’A(F,r) < J\/'g’A(C7 r9). This completes the proof of
Claim 1.
We now claim that if F' € F(X) and D(F,C) < p, then
fONF) < fOMNO) +e (6.24)

To prove this, let F' € F(X) with D(F,C) < p. It follows from Claim 1 and
(6.23) that if 0 < r < p, then
log N (F
fU’A(F, r) = liminf ot 1 )
= 5\.0 —logd
log NI (C
< liminf ogé—(,ro)
5.0 —logd
= iU’A(Ca T0)
< fUM0) +e.
Since this inequality holds for all 0 < r < p, we finally conclude that f U’A(F )=
lim,~ o fUN(F,r) < fUN0) +e. O

We can now state and prove the main result in this section, namely, Theo-
rem 6.6 providing a proof of inequality (2.2).

Theorem 6.6. Let X be a metric space and let U : P(XN) — X be continuous
with respect to the weak topology. Let C' C X be a closed subset of X. We have

h(u) U,A
sup  — < [H(0).
pepszyy [ Adp T =
UpneC

Proof. Let £ > 0. Next, fix yu € Ps(EY) with Uy € C. We will now prove that
h(w) UA

— < foHC . 6.25

f Ad/J, — i ( ) +e€ ( )

Let F(X) be defined as in (6.20), i.e. F(X) = {F C X |F is closed and

non-empty }, and equip F(X) with the Hausdorfl metric D, see (6.21) and

(6.22). It follows from Lemma 6.5 that the function iU’A : F(X) — Ris upper
semi-continuous, and we can therefore choose p. > 0 such that:

if F e F(X) and D(F,C) < pe, then
FOMNE) < FON0) +e

Next, observe that we can choose an S-invariant probability measure v on
YN such that suppy = XN, For ¢ € (0,1), we now write p; = (1 — t)u +ty €

(6.26)
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Ps(EY). As U is continuous with Up € C and puy — p weakly as t N\ 0, there
exists 0 < t. < 1 such that for all 0 < ¢ < t., we have
dist(Upe, C) < pe. (6.27)

Fix 0 < t < t.. Since U is continuous and dist(Upt, C) < pe (by (6.27)), it
follows from Lemma 6.3 that we may choose a sequence (g, ), of S-invariant
probability measures on XV such that

fen — pt weakly, (6.28)
e 1s ergodic, (6.29)
h(pt,n) — h(pe) (6.30)
and
dist (U g ,n, C) < pe (6.31)

for all n. Observe that it follows from (6.31) that D(CU{utn}, C) < pe, and
we therefore conclude from (6.31) that

FUMOU{pa}) < fUNO) +e (6.32)

for all n. We now prove the following two claims.
Claim 1. For all 0 < t < t., we have

_ (A =t)hp) +th(z)
(1—t) [Adp+t[Ady

< lim dimy fig .
n

Proof of Claim 1. Using the fact that the entropy map h : Pg(X) — R is affine
(cf. [47]) we conclude that

QDR th() (L= Ot ty)
(1—¢) [Adp+t[Ady = [Ad(1—t)u+1ty)
_ ()
f Adpy
However, since A is continuous and p;, , — ¢ weakly (by (6.28)), we conclude

that [Adu, — [ Adp,. We deduce from this and the fact that h(u,) —
h(ue) (by (6.30)) that

(6.33)

h(:u’t) =1 h(lu/t,n)

— =lim—-—7—""". 6.34
Thdu ~ " TAdpen (6:34)
Combining (6.33) and (6.34) now yields
(1 = t)h(p) +th(v) o W)
— <lim ——7". 6.35
(L—t) [Adp+t[Ady = n  [Adu, (6:35)
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Also, since p 5, is ergodic (by (6.29)), it follows from Proposition 6.4 that

dimy pgn = — hl(o‘; =, and we therefore conclude from (6.35) that

QR EthO) B
(1—t) [Adp+t[Ady ~— n  [Aduey,

= lim dimpy g4y,
n

This completes the proof of Claim 1.
Claim 2. For all 0 < t < t., we have

lim dimy p1y , < iU’A(C) +e.
Proof of Claim 2. It follows immediately from the ergodicity of p , and the
ergodic theorem that s ,,({i € ¥V | lim,, L;ni = p1¢.,}) = 1. Hence
dimy juy < dlimy {i € = ’ lim Lyni = 10}

<dimy{ie XV

{ 11mUL 1—U,utn}
< dimy {1 e N ’ lim dist (ULmi, CU{Upn}) = 0} (6.36)
Next, it follows from (6.36) using Lemma 6.2 and (6.32) that

dimp pg,, < dimpy {i e N

lim dist (U Lni, CU{Upen}) = 0} by ((6.36)]
< PN CU{pnt) [by Lemma 6.2]
< [P0 + - [by (6.32)]

This completes the proof of Claim 2.
Combining Claims 1 and 2 shows that for all 0 < ¢ < t., we have

(1= t)h(p) +th() ’
T —t) [Adu+t[Ady < fUMNC) +e. (6.37)

Letting ¢ \, 0 in (6.37) now gives — 44 < f*(C) + <. This proves (6.25).

Since p € Pg(X) with Up € C was arbitrary, it follows immediately from
(6.25) that

h(p) UA
sup  — SfO) e
pepcry [ Adp T =
UpeC

Finally, letting € \, 0 gives the desired result. O
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7. Proof of inequality (2.3)

The purpose of this section is to prove Theorem 7.1 providing a proof of
inequality (2.3).

Theorem 7.1. Let X be a metric space and let U : P(XN) — X be continuous
with respect to the weak topology. Let C C X be a closed subset of X andr > 0.

(1) We have

fU7A<Cv ’I“) < Uab(CgJ\('; T) )

(2) We have

o0 < lim\i(r)lf oa(CZA (7).

- T

Proof. (1) Fixe > 0. For brevity write t = fV*(C,r)—e. Since t = iU’A(C’7 r)—

log Néj’A(C,'r‘) B

€< iU’A(C,T) = liminfs\ o =55

that

, we can find §. with 0 < . < 1 such

log N(SU’A(C, T)
—logd

for all 0 < § < d.. Consequently, for all 0 < § < J., we have
5t < NIMer). (7.1)

Next, let ¢ denote the constant from Condition (C3) in Sect. 2.1 and fix
p >0 with p < min( *== 4. )). We now prove the following two claims.
Claim 1. For € N and i € ¥*, the following implication holds:

Si%p" = pn+1 < 8 S,On§

recall, that for § >0, we write s; = § if s; < < s3, see Sect. 2.1.

Proof of Claim 1. Indeed, if i = iy - - i, € X™ with s; &~ p", then s; < p" < s3,

whence s; < p". It also follows from Proposition 4.1 that s; = s;, > %S;Sim >

%p"smin = Szﬂipinp"“ > p"*! where the last inequality is due to the fact that
Scf‘—p > 1 because p < min( *2i» | §_ ) < *=in. This completes the proof of Claim
1.

Claim 2. We have

ULy [ICB(C,r)
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Proof of Claim 2. 1t is clear that

i i i
ULy [iJ]€B(C,r) prtl<s;<pn pP<si
UL [i{|€B(C,r) UL [i{]CB(C,r)

= Z st (7.2)

1
pn+1 <5i§P"
ULm [i]gB(C,’I‘)

Also, for n € N and i € ¥*, the following implication follows from Claim 1:
simp = ptTh<s < pn (7.3)
We conclude immediately from (7.3) that

Z Z st > Z Z st (7.4)

prtlcs <pn simpn
ULm[i]gB(C,r) ULm[i]gB(C,r)

Combining (7.2) and (7.4) shows that

SREEED S SR
i n i

ULm[i]lQB(C,r) sipn
ULy [iICB(C,r)

=> > sk (7.5)

n jen? .. (C,r)

s,p"

However, if i € Hg o (C,7), then s; ~ p", and it therefore follows from Claim
1 that p"*! < s; < p*, whence s; > p"pltl. We conclude from this and (7.5)

that
SEEEES SR S

n iGHan (C,r)

> p\t\ Z Z pnt

ULW [i}QB(C,r)

n iEH;{pn(C,r)
=p"y " nd ()| pt
n

=pl"1 Y NI (Cyr) p™. (7.6)
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Finally, since p" < p < min( *22 | §_ ) < J., we deduce from (7.1) that p~"" =
(p")~" < N¥,.(C,r). This and (7.6) now implies that

Z sli‘/ > p\t| Z pfnt pnt

ULy HICB(Cr)
=M 0

= Q.

This completes the proof of Claim 2.
We conclude immediately from Claim 2 that f UACr)—e=t< oab g’A

(57) ) Finally, letting € \, 0 completes the proof.
(2) This follows immediately from (1). O

8. Proof of Theorem 2.2

For z,y € RM write
] = {(1 =)o+ ty |t € [0,1]},
i.e. [z, y] denotes the line-segment joining x and y.
Lemma 8.1. Let E CRM andletx € E andy € RM\ E. Then [x,y]NOE # @.

Proof. Let to =sup{t € [0,1]| (1 —t)z+ty € E}. Then (1—t9)z+toy € [z, 9],
and since » € F and y € RM\ E, it is easily seen that (1—tg)x+toy € OE. O

Lemma 8.2. Let C C RM be a closed subset of RM and let r,e > 0 with r < ¢.
Then B(I1(C,e),r) C C; recall, that I(C,e) = {z € C| dist(z,0C) > e}, see
Sect. 2.3.

Proof. Let y € B(I(C’7 £) 7r). We must now prove that y € C. Assume, in
order to reach a contradiction, that y ¢ C. Since I(C,¢) is closed, it follows
that we can find z € I(C,e) such that |y — x| = dist (y, I(C,e)). Also,
since x € I(C,e) C C and y ¢ C, it follows from Lemma 8.2 that there is
v € [z, y] N IC. We now conclude that

r>dist (y, I(C.e)) [since y € B(I(C,e),r)]

ly — =
> |v— x| [since v € [z,y]]
> dist (z, 9C') [since v € OC)|
>e. [since x € I(C,¢)]

However, this inequality contradicts the fact that r < e. 0
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Proof of Theorem 2.2. We first note that it follows from Theorem 2.1 that

h(w)
fPMNC) = sup - :
o neEPs(XN) fAd,u

UpeC

Hence it suffices to prove that
UA U,A
o (™) = £77(C).
We first show that

o (CEM) < FUM ). (8.1)

Indeed, it follows immediately from the definitions of the zeta-functions Cg’A

and (G () that if 7 > 0, then 025 (¢ ) < oa (e, ) = o (CE(57)),
whence Uab(Cg’A) < liminf,~_ O’ab( g’A(~;r)). We conclude from this and
Theorem 2.1 that aab(Cg’A) < liminf, o Jab(gg’A(';T)) = iU’A(C). This
proves (8.1).

Next, we show that

(™) = 7O, (8.2)

Observe that if r,e > 0 with » < ¢, then it follows from Lemma 8.2 that

B(I(C,e),r) C C, and the definitions of the zeta-functions {g’A and (g’A(~; T)

therefore imply that Uab(Cg’A ) > aab((jg’(/}(ae) ) ) = aab( C}J(’é\ﬁ) (57) ) for all
r,e > 0 with r < e. Hence, for all € > 0 we have

o (COt) > lim inf a6 (Crieney (7)) (8.3)

Also, since I(C,¢) is closed, it follows from Theorem 2.1 that liminf,\ o oap
(C}J(é\ 6)(-;7“)) = iU’A(I(C, €) ). We conclude from this and (8.3) that

ow(Ce™) = [PM(1(Ce)), (8.4)
for all € > 0. Finally, using inner continuity at C and letting ¢ \ 0, it follows
from (8.4) that Jab(Cg’A) > limg o iU’A(I(C, g)) = iU’A(C). This proves
(8.2). O

9. Proof of Theorem 2.3

The purpose of this section is to prove Theorem 2.3.

Proof of Theorem 2.3. For brevity write G = {s € C| Re(s) > aab(Cg’A)}.
Since supj;—, log% — 0 as n — oo (because supj;_, si — 0 as n — 00), we
conclude that the series Zg’A(s) = Zi,ULm[i]QC bg%sf converges uniformly

in the variable s on all compact subsets of G.
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Since the series Zg’A(s) =>4, ULy HCC log%sf converges uniformly in the
variable s on all compact subsets of G, we conclude that the formal calculations
below are justified, namely, if s € G, then we have

1

UA, \

exp Zo" (s) = exp g Tog 51 s3
1

UL lijcC

1
TP 2 iy
i " —~

~—~

. . n times
i is prime n times

ULy ijlcC

1
= exp E E I si"
- — nlog s
i is prime
ULy ijlcC

_ 1 1 sn
- e (10% > Ly
i is prime
ULy lijcC

1 1
= H exp log | ——
i (10g8i <1_Si>>

i is prime
ULj [ilcC

iis prime
ULj lijcC

= Q™ (s)- (9-1)

It follows from the calculations involved in establishing (9.1) that the prod-
uct Qg’A(s) converges and that Qg’A(s) # 0 for all s € G. In addition, we
deduce from (9.1) that for all s € G, we have d%Qg’A(s) = Lexp Zg’A(s) =
(exp Za™M () L 25 (s) = QL™ (s) L 25 (s), whence
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A
izU’A(s)zm LQYUA(s). (9.2)

dS C U,A(S) = C

c
Once again using the fact that the series Zg’A(s) => ULy lce log%sf con-

verges uniformly in the variable s on all compact subsets of G, we deduce that
if s € G, then we have

d _una d 1
—Z ’ = — S
ds~ ¢ () ds Z log s; %

i
ULy [ij]cC

- Y e
- - logsidsi

1

ULy lijcC
= Z Sis
ULy iCo
— (M), (93
Finally, combining (9.2) and (9.3) gives Cg’A(s) = %Zg’j\(s) = LQg’A(S)
for all s € G. O
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permits unrestricted use, distribution, and reproduction in any medium, provided you give
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