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Abstract

In this paper we consider the probability distribution function of a Gibbs measure suppor-
ted on a self-conformal set given by an iterated function system (devil’s staircase) applied
to a compact subset of R. We use thermodynamic multifractal formalism to calculate the
Hausdorff dimension of the sets S§, S5, and S, the set of points at which this function has,
respectively, Holder derivative 0, oo or no derivative in the general sense. This extends re-
cent work by Darst, Dekking, Falconer, Kessebohmer and Stratmann, and Yao, Zhang and
Li by considering arbitrary such Gibbs measures given by a potential function independent
of the geometric potential.

1. Introduction

Over the last few years several authors studied a family of functions called devil’s
staircases or Cantor functions which are the cumulative probability distribution functions
of probability measures on sets with zero Lebesgue measure. This analysis started with
Bernoulli probability measures supported on simple self-similar sets. The findings grew in
complexity to encompass self-conformal sets using methods of thermodynamic formalism
and mostly focussed on finding the points where the derivative does not exist in the general
sense and giving the dimension of all such sets. Certain assumptions were made to ease the
classification, which included a condition that necessitated the upper derivative to be infin-
ite. In this paper we shall omit this condition and look at Gibbs measures given by Holder
continuous potential functions on self-conformal sets that are subsets of R.

Given a finite family of conformal (differentiable) contractions F := {f;; j € J},
where J is the finite indexing set, we consider the limit set £ invariant under F i.e.
E=UJ jes Ji(E). We also require the functions to satisfy the Holder condition and strong
separation condition (defined in Section 2) so we can then give each point in E a unique
symbolic coding depending on which function’s image it is contained in when applied to a
compact subset of X C R such that E € X and f;(X) N f;(X) = @ forall i, j € J with
i + j. We will refer to X as the seed set of the attractor E.

Due to their uniqueness we will treat the point and its coding as interchangeable and
whether coding or actual point are used will be clear from context. We will take j = 0 and
J = 1to correspond to the left- and rightmost element, respectively and define the geometric
potential ¢(x) :=log|f j’ ( fjfl(x)l for x € f;(E). We will refer to the topological pressure
by P(.) and using Bowen’s formula find that for some value § we have P(5¢) = 0. The
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value § then corresponds to the Hausdorff dimension of E, dimy £ = §. We then consider
the measures 1y, associated with Holder continuous potentials v such that P(y) = 0 and
¥ < 0. The probability distribution function Fy(x) := ([0, x)) associated with the
potential is called a devil’s staircase and we are interested in the dimensions of Sf, S
and §%, the sets where Fy,, respectively, has a-Holder derivative 0, oo and no derivative in
the general sense, that is neither finite nor infinite.

When we take E as the Cantor middle third set, i.e. we let F be a family of two similarities
with contraction ratio 1/3 and consider the Bernoulli measure giving each coding equal
weight of 1/2 we find that the Hausdorff dimension of S' is (log2/log3)?. This was first
shown by Darst (see [2]) who later extended his analysis to middle-¢ sets for 1/3 < ¢ <
1/2 (see [3]). Falconer (see [S]) later showed that for 6-Ahlfors regular measures we have
dimy S* = (dimy E)*/a. However this squaring relation does not necessarily extend to
cases where the measure is not §-Ahlfors regular. Some examples of such systems with
their dimension were given by Morris (see [8]) and it was not until 2007 when Li (see [7])
published a complete description of S! for self-similar families of functions with Bernoulli
measures giving each symbol in j € J probability p;, where the contraction ratio of f; is
a;. This was however done with the assumption that p; > a; for every j. The step from
self-similar to self-conformal families was then done by Kessebohmer and Stratmann (see
[6]), who found the dimension of S for devil’s staircases given by distribution functions
of Gibbs measures for self-conformal limit sets E. This was also done by considering only
those cases where ¢ (x) < ¥ (x) forall x € E, a condition equivalent to the Li condition for
self-similar E. The reason for restricting attention to those sets only is that the upper limit of
the a-Holder derivative is always infinite and classifying points in §* becomes finding points
with finite lower limit. This also makes the task of finding the Hausdorff dimension of Sj
and S5, superfluous as we must necessarily have S§ = @ and dimy S5 = §. In this paper we
extend this work and give the Hausdorff dimension of S§, S5 and S* for self-conformal E
with a finite family F by considering the local dimension of points. At this stage it is worth
noting a paper by Yao, Zhang and Li, who, for a limited range, found the value of dimj S!
and lower bounds of S(i and S;o for self-similar sets with two contractions (see [12]).

Our main results are summarised in the following two theorems.

THEOREM 1. Let H(y(q)) := T(q) + v(q)q, where y(q) := —T'(q) and T (q) is such
that it satisfies

P(T(q)¢ +q¥) =0.
Let a be given and q be such that y (q) = a. If such q € R exists we have for g =0
dimy Sy = dimy Sy, = H(0) =6,
forq <0
dimy S§ = H(«) and dimy S5, =6

and for g > 0
dimy S§ = 6 and dimy S5, = H(«).

If such q does not exist and for all x € R we have y (x) < o then

dimH Sg = 0and dlmH Sgc =6
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Fig. 1. Classical case when a¢ < ¢ forag = 0.2, a1 = 0.1, pg = 0.8, p; = 0.2 and ¢ = 0.8.

and if y(x) > o
dimy S§ = 8 and dimy S5, = 0.
THEOREM 2. The dimension of non-a-Hdolder-differentiability dimy S* is O if for all g €

R we have y (q) > « otherwise it is given by

1//(?‘.) fori € {0, 1}} (1-1)
@)

and B(t) given implicitly by P((B(t) — at)p + tr) = 0. For o = 1 this, of course, corres-
ponds to the regular first derivative.

dimy S* = inf{,B(t); t € R and B(t) > —t

The three main types of non-trivial Hausdorff dimension for $¢ are given in Figures 1-3
with the example of two linear contractions with ¢y = 0.1, a; = 0.2 and p; = 1 — py,
varying po. We are for this example considering « = 0.8. Note that 8(0) = §, 8(1) = «
and the minimum value of S(¢), if it exists, is at ty, where y (fy) = «. The value of dimy S§*
in Theorem 2 can be paraphrased as the least value of (¢) to the right of any intersection
with the —#¢ (i) /¢ (i) lines. Figure 1 gives the classical case considered by Kessebohmer
and Stratmann, who presented their result similarly, though in terms of the intersections
itself. The problem with this description is however that when 1 (x) > a¢@(x) for some x
the function B(¢) has a minimum and the intersections may no longer exist. Also the upper
bound predicted by Kessebohmer and Stratmann’s work could give an upper bound higher
than 6. The graph in Figure 2 shows that 8(#) has a minimum, although dimg S“ is still the
B(t) value at the rightmost intersection. Plotting the dimension depending on the applied
potential we would get a phase change when the intersection and minimum coincide. This
can be observed in the example at the end of this section and its associated Figure 4. In
varying the potential further we get a graph as in Figure 3, where the intersection is higher
than § and the minimum of 8(¢) gives dimy S*.
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Fig. 2. Before phase transition, intersection gives dimg S¢ for ag = 0.2, a; = 0.1, pp = 0.89, p; = 0.11
and o = 0.8.
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Fig. 3. After phase transition, minimum B(zy) = H («) gives dimg S¢ for ag = 0.2, a; = 0.1,
po = 0.999, p; = 0.001 and ¢ = 0.8.



Holder differentiability of self-conformal devil’s staircases 299

08 dimyr SL,
rd
05 l/
{ Sns,
~
S~ —
0.4[ . -
dimpg S*
03¢
02f
01l dimg S
L . I . .
0.1 02 03 0.4 05

Fig. 4. Hausdorff dimension of st Sé and Scl>o depending on p for pp =1 — pyanda; =ap = 1/3.

One can see that varying potential functions causes dimy S* to track either dimy S or
dimpy S% and after passing the phase transition to lie between those two dimensions. This
is formalised in the following corollary, which follows easily from Theorem 2. Let v; be
such that B(v;) = —v;¥(i)/e@) for i € {0, 1}. If such v; does not exist for some k, let
vy = —oo. Similarly take go such that y(go) = o and if it does not exist define gg = —o0.
Now let v = sup{vg, v1}. The phase transition then happens for potentials that have v = g
and we immediately get:

COROLLARY 1. For v as defined above we have three cases:
(1) fv < qo <0, then dimy §¢ = dimy S§;
(i1) ifv < 0 < g then dimy S¢ = dimpy S%;
(iii) and if qo < v then dimy S§ < dimy $¢ < dimy S5.
We can apply this to the linear problem of two similarities with contraction factor a, and
a; and associated probabilities py and p;. This problem was first attempted by Yao, Zhang

and Li (see [12]), who arrived at a partial solution for $* and lower bounds for S§ and S3..
Using the pressure equation we get 8(¢) defined implicitly by

p(t)ag(l)—al + pia?(t)_m = 1.

Now if we take a = ay = a; we can find an explicit solution for B(¢)

—log(pgy + p)

B(t) = + at
loga
and thus
) = —log(pg + pY) @) = —T'(q) = P log po + p log p;
loga ’ (pg + p)loga
and
q q q q
Po log po + pj log p log(py + py)
H(y(q) = St =f,  —er0 2

(pt+ phHloga 1 loga

Taking a = 1/3 we get the Cantor middle-third set as our limit set E and a plot of dimy S,
dimy S!, and dimy S' depending on py can be seen in Figure 4. Note that dimy S* = H (@)
until the phase transition at about py &~ 0.2.

We will now continue this paper by recalling basic thermodynamic and multifractal ana-
lysis which will be used to provide a concise proof of Theorem 1 by considering the
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connection between local dimension and differentiability. In Section 3 we will prove
Theorem 2 by establishing an upper and lower bound.

2. Thermodynamic Formalism and Proof of Theorem 1

The results were established using thermodynamic multifractal formalism and we assume
the reader is familiar with standard works such as [1, 10, 11].

In addition to the definitions already given in the introduction we denote the Birkhoff sum
as S, f(x) = Zl’.’:—ol f (o' (x)), with o representing the left shift map on the coding of x € E.
We let Q2 stand for the coding space of E and will represent finite codings as [ ji, j2, - - -, jul
for some finite n. These finite codings represent cylinders and are treated as such in this
paper, where |[ji, ja, .- ., j.]| is the diameter of the associated cylinder. We call €2, the set
of all cylinders of (coding) length n.

The topological pressure is

.1
P(f) = lim ~log } _ exp(S, /(&)
we2,
with &, being an arbitrary point in the cylinder w.
An iterated function system { f;} has the bounded distortion property if for every w € ,,
n € Nand x, y in the seed set X we have

| fo Ol = 1 £

where we write f,, tomean f,u) o...0 f,@2) o fua) With @ (m) refering to the mth coding of
w. We denote g < h to mean g/ h and h/g are bounded away from O and similarly we will
use g < h to mean g/ h is bounded above.

We are now able state a standard result (see e.g. [4]) about the topological pressure.

THEOREM 3. Forall w € Q, and x € X, let ¢ (x) be a function that has the bounded
distortion property. Then P(¢) exists and does not depend on the point chosen in each
cylinder. Furthermore there exists a Borel probability measure 1, called the Gibbs measure,
on the limit set of the IF'S and a number ay > 0 such that

_1 w(Xy)
a, x X o

exp(—nP(¢) + S,¢(x))
forall x € X, where X is the seed set and we write X, = f,(X).

We consider an IFS given by a finite family of conformal contractions { f1, ..., f,} which
satisfy the strong separation condition, that is for i + j with i, j € J we have f;(X) N
fi(X) = @. We also require the f; to satisfy the Holder condition in that there exists & > 0
such that f; : R — R is a strict contraction and in C'*?.

Like the Lipschitz condition, the Holder condition implies that f; has the bounded distor-
tion property.

We consider Gibbs measures induced by a potential function 1. This Gibbs measure must
exist by Theorem 3 as long as i is Holder-continuous. We will refer to one such potential
function in particular. This is the geometric potential ¢ (x) = log f/( ffl (x)) for x € fi(E)
but for all other potential functions we require:

@ P) =0;
(i) ¥ <0;

(iii)  is Holder continuous.
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Note that the first two conditions are for convenience and one could consider more general
potential functions . This analysis would then have to consider the potential function ¢* =
¥ — P(y), as we necessarily have P(¢¥*) = 0.

Let S* denote the subset of E where there is no «-Holder derivative in the general sense.
That is

|F(x) — F(y)l
yoxo fx =yl

is neither finite nor infinite. Similarly let S§ and S¢ be the sets where the limit is 0 and oo,
respectively. In the derivation we may at times ignore the endpoints of intervals which are
countable and have thus no relevance to the Hausdorff dimension of Sj, S and S¢.

2-1. Derivative and local dimension

As mentioned before most of the previous research focussed on cases where ¢ < ¥ and
here we will present a proof of Theorem 1 by considering the local dimension of points in £
and proving some relations between differentiability and local dimension. For the Hausdorff
dimension of the sets K, we have yet to define, we will mostly rely on a theorem by Pesin
and Weiss and a Corollary to their work which we shall briefly prove.

We start by defining the upper and lower pointwise (or local) dimension at point x with
respect to the measure 11y, as usual by

- 1 B(x,
d, := limsup log py (Bx, 1))

r—0 logr
and
1 B
d_:=liminf 2&Hv(BO1))
- r—0 logr

Now define the potential ¢, (x) = T (q)¢(x) + g¥(x), where T(g) is chosen such that
P(g@,) = 0. We also introduce the sets

K, ={x€ekE;d =y}
K.yg={x€eE;d >y}

K>y ={xeE;d 2y}

K<y(q) = {)C €L, dx < V(CI)}

Koy ={x € E;d.<y(q)}

where y () is the local dimension associated with ¢ and y(q) := —T'(gq). Pesin and Weiss
established the fractal spectrum and proved the following theorem (see [9]).

THEOREM 4. For the functions as defined above we have for the fractal spectrum of the
local dimension with respect to the measure (i

dimy Ky ) = H(y(9)) =T(q) +qv(q).

Furthermore T (q) is real analytic for all ¢ € R, T(0) = dimg E = §, T(1) = 0,
Mo, (Kyq) = 1 and if juy is not equal to the Gibbs measure induced by the geometric
potential, H(«) and T (q) are strictly convex and H () has maximum at g = 0.
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Let now w, and w(n) refer to the nth coding of the point w € 2. By the strong separa-
tion condition we have for all measures considered in this paper and for every length n that
w(B(w, r)) < u([w, ..., w,]). The strong separation condition also implies that our cod-
ings are unique, i.e. there exists a bijective function W(x) : R — €. This means that instead
of talking about points x € E we will continue further discussion in terms of infinite cod-
ings w € 2 that represent points in our self-conformal set E. We can therefore equivalently
denote the local dimension as

1 n
d, = lim 22y (@1 @)
n—o00 10g|[0)1,---,a)n]|

if the limit exists and analogously refer to the upper and lower pointwise dimension as d,,
and 4 taking the upper and lower limit, respectively. This is due to the following well
known result and follows for example from a covering theorem by Pesin and Weiss and their
separation condition used in [9] being weaker then our strong separation condition.

LEMMA 1. For a self-conformal IFS in which the strong separation condition holds and
forx € E and w € Q2 and V(x) = w we have that

1 n
dx = dw = lim 0g ,U”/,([Cl)l, » @ ])
n—oo log|lwy, ..., w,]

is equivalent to the usual definition of pointwise dimension. Furthermore the different defin-
itions of upper and lower local dimension coincide as well.

In the following discussion it is sometimes useful to refer to d,,, the ratio up to m which
we define as
Ao = log wy (w1, ..., ©n])

log|[wy, ..., wu]|

We will now state and briefly proof a corollary to the result by Pesin and Weiss, which will
turn out to be convenient in finding the Hausdorff dimension of S§ and S3,.

COROLLARY 2. Let g be given, and assume we do not have the trivial case where y (t)
is constant. Then, for g > 0,

dimy K-y = dimy K<) = T(q) +qv(q) (2-1)

dimy K- () = dimy K5, ) = T(0) = 8 22)
and, for g < 0,

dimH K<y(q) = dlmH Kgy(q) = T(O) =34 (23)

dimH K>y(q) = dlInH K}y(q) = T(Q) + C]V(Q) (24)

Proof. Let g > 0, then y(q) < y(0). Clearly K,y € K., S K>, and so as
dimy K, ) = 6 and dimy E = §, we find that (2-2) must follow. Similarly the lower bound
of dimy K., and dimy K¢, (4 can be established by noting that K, ;4 € K, <
K<, for arbitrarily small ¢ > 0 and dimy K, 44y = T(g + €) + (g + &)y (q + ¢).
The upper bound follows by Lemma 1 as it implies that for all points with symbolic cod-
ing in dimy K, (4 also have upper local dimension with respect to the measure /1, less
than or equal to y(g). Now consider the measure w,, . By Theorem 4 it is obvious that
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My, (K <y ) < 1. The upper local dimension at w € €2 with respect to this measure, EZ", is

— lo WOy .y Oy
d”" = lim sup LA L
n— 00 10g|[w1, ---7a)n]|

Now

o, (@1, ..., @a]) X exp(S, T(q)¢(@) + g (w)) < exp((T(q) +qy(q —€)S,¢(@))

asd, < y(q —e¢) forall w € K¢, and thus as ¢ > 0 is arbitrarily small we have for all
such w

" <T@ +qv(q).

Now as p,, is finite on K¢, this then implies that dimp K¢, ) < T(q) + qy(q) (see
e.g. [4]) where dimp is the packing measure and thus dimy K¢, ) < T(q) + gy (q). As
upper and lower bound coincide we have the required result (2-1). The case ¢ < 0 is proven
similarly and left to the reader.

Note that due to our assumptions there exists an integer ¢ independent of n such that
any ball in the cylinder [wy, . . ., w,] with diameter |[wy, . .., ®,]| is wholly contained in the
cylinder [w;, ..., @w,—,]. This immediately implies:

LEMMA 2. For w € 2 we have

= wy ([0, 0+ r]) _

d, > a = liminf 0
r—0% re

and
wy ([0, w+r]) _

r—0% r¢

0’

with 0F meaning the results holds from the left and the right.

A similar result gives us a connection between the lower pointwise dimension and the upper
a-Holder derivative.

LEMMA 3. For w € Q2 not an interval endpoint we have

iw<aihmsupwzoo

r—0% re

Proof. We prove only the result from the right, the other case is left to the reader. There
must be a sequence of (k,); | such that w(k,) # 1. Therefore we have a sequence of r, > 0
such that w + ry, is a right interval point and

F(o+r,) — F(o) S py ([ ... 0,111 py (o). .. o -1])
o, 0+ = lo...on 0~ ..o 1

Now there must be a subsequence where we also have d,,x, < « for some k, and so we get

wy (o1 .. g, —1]) S ;... g1 1|

—1
= = l[w;...op 1]l
[[wr ... wk,—1]1¢ [[wi ... o-1]%

for 0 < ¢ < 1. It is immediate that this sequence tends to infinity and therefore the required
result follows.
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LEMMA 4. Let j be the infinite word consisting of a single letter j € J, then for all
K < o such that k % d; for all j € J, we have

dy =k = w € S,
for k arbitrarily close to a.

Proof. Fix o with pointwise dimension « as required, and let a small ¢ > 0 be given.
Then from some stage N we must have for n > N that d,, € (k — &,k + ¢€). This gives
us a maximum length /,, (dependent on n) of O or 1 strings as the condition on x means that
too long a string would eventually cause d to fall outside the required length. Here we will
only consider the case of the dimension increasing with j-blocks. Decreasing is handled in
almost the same way and is left to the reader. The maximum length /, is obtained when at

some stage k, we have wy ([, ..., o ]) < |[wi, ..., o, ]|“°, which is followed by a j-
block of maximal length /, such that py ([wi, ..., wg,41,]) < |[@1, ..., @4,1]<T° We thus
get

py (o1, ..., w10, ]) < o1, .. o4, 11

= exp(Si, ¥ (@) + Ly (D) < @i, ..., 0 117 expl(k + &) (D)

= exp (K + SSknlﬁ(a)) + 1, (k + 8)90(1))-

K—¢
Which means that
(&£ —1) 8, ¥ (w)

UG - k090G

This gives us an expression for the maximum length and from that we can see that for a
small enough ¢, i.e. from some stage N

exp(Sk, ¥ (@) — oS, 9 (@) + LY (j)) < exp(Si, ¥ (@) — oSy, ¢(w) + &'Sp, ¥ (w))

n

= exp(((1 + £k — @)y, 9())

where ¢ satisfies [, = ¢'Sy, ¥ (w), which is an arbitrarily small constant dependent on ¢
and & — Oase — 0. So (1 + &)k — 1) < O for sufficiently large N. Combining this
with Lemma 8 below, the «-Holder derivative is necessarily infinite and the required result
follows.

We are now ready to prove Theorem 1.
Proof of Theorem 1. Combining the lemmas above we get the following relations:
d,>o0= wecS§j
weSy =d, >«
weS, = d, <«
dy=a—c¢= we S,

excluding some finite choices of ¢ where oo — ¢ equals d;. Hence for arbitrarily small ¢,
avoiding the finite list, we have:
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Koz—s - Sgo - Kéoz

K>a - Sg - K}a-

By Theorem 4 and Corollary 2 we can now give the dimension of S; and S%.. Let y(¢) =
a, provided such g exists we have dimy K,—, < dimy S5 < dimy K¢, and dimy K., <
S§ < dimy K. Thus the required result follows.

If such ¢ does not exist we either have for all x € E, {¥(x) < a@(x), which gives
S¢ = E as for all x we have d, > o and so dimy $* = dimy S = 0. The other case is
Y (x) > ap(x) for all x € E which implies §§ = & and obviously dimy S5 = 4.

3. Proof of Theorem 2

We now turn our attention to the set S%. The case @ < y(g) for all ¢ € R gives ¢ (x) <
a@(x) for all x € E, which as mentioned above gives dimy S* = 0 and we will ignore that
trivial case from now on. First a remark on the connection between 7' (¢g) and B(¢) as defined
above.

LEMMA 5. We have the identity f(t) = T (t) + «t, B is real analytic and furthermore if
there exists ty, such that for y (ty) = o, we have H (a) = B(ty)

Proof. Note that by definition §(¢) and T (g) satisfy P((B8(¢t) — at)p + ty) = 0 and
P(T(q)¢ +q) = 0. Therefore we must have T (1) = B(¢) — at and the first result follows.
As T(q) is analytic and defined for all ¢ € R it is obvious that B(t) is defined for all
t € R and analytic. It is also easy to see that for such #, we have H(x) = H(y (%)) =

T (to) + v (10)to = B(1o).
It is also obvious that at t = O we have 8(0) =T(0) =dand (1) =T(1) + @ = «.

LEMMA 6. Assume that T (q) is not a trivial linear function and there exists ty such that
y (to) = o. We then have that $(q) has a unique minimum B(ty). If ty does not exist because
y(t) < aforallt € R, B(t) is strictly increasing.

Proof. We have T'(q) < 0 and T"(q) > 0 (see [9]). Therefore 8'(q) = T'(g) + «
and B”(g) = T"(q). Now B'(to) = T'(ty) + @ = 0 and as 8”(g) > 0 and this solution is
unique by the monotonicity of 7'(¢q), 8(#;) must be the global minimum. This minimum, if it
exists, has then B(fp) = H(«) > 0. The conditions in the last case give 8'(t) = T'(t) + o« =
—y(t) + @ > 0 which imply the required result.

The trivial case implies that T (g) and thus B(g) are linear. This also gives 8'(q) > O,
independent of whether #, exists. Note also that even though 8 may not have a least value,
the then necessary non-negative slope means that 8(¢) must intersect the lines —¢v (i) /¢ (i)
and have a least value for which condition (1-1) is fulfilled.

We now consider blocks of letters which are long enough so that the derivative vanishes.
We call them i-blocks of length k at the nth level, if the nth and (n 4k + 1)th letter of the cod-
ing is not i and those k in between are. The proof of the following lemma can be found in [6].

LEMMA 7. If our point w has an i-block of length k at the nth level, then there exists

n € Q such that | — n| < exp(S,¢(w)) and
Fy(w) — Fy () .
e SO (@) + kYD),

where i is the point coded by the letter i alone, x =¥ —ag andi € {0, 1}.
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The following lemma is also taken from the same paper by Kessebohmer and Stratmann
with the qualifier that d,, < « as the system under investigation now allows local dimensions
greater than or.

LEMMA 8. The a-Holder derivative does not exist in the general sense at points w with
d, < «a iff there exists strictly increasing sequences of integers such that o has an i-block of
length k,, at the n,th level such that

exp(S,, x (@) + k¥ (i) (3-1)
is bounded from above, where i € {0, 1}.

Proof. The idea of the proof is identical to the one in [6] for the “if” part and is omitted
here. The “only if” part is also similar and is proven by contradiction. The reasoning in
Kessebohmer and Stratmann’s paper gives that we either have

F - F m LRI Ny o 1
(0 = Bulon) o, R0 O lD s, x (@)
|(,()_(,l)m| |[(l)],...,wnm_]]|
or
F - F 'm s ey Wy 1
v (w) wiw ) > My ([wr Wy, k,,;+1]) = exp(Sy. 1 (@) + kntr (1)
|(,l)—(,l)m| |[w17'~-awnm—l]|

but exp(S,,, x (@)) is unbounded because d, < aand exp(Sy, x (w) +k, ¥ (1)) is unbounded
by assumption, thus we have the necessary contradiction and the lemma holds.

We now continue with the proof of the main theorem. For this we will partition €2 into the
sets C; and C;, where for every cylinder [wy, . .., ®,] € C; we have |S,, x (w) —n| < 1 and
for every [wy, ..., w,] € C, we have |S,, x (w) + n| < 1, respectively.

We also introduce “stopping time” which we define here as

T,(w) = sup{k € N; Six(w) < t}.
Similarly we define by Cf’i the collection of cylinders of Cf with an i-block of length n,
attached. The latter is given by n, = |—n(1 — &) /¢ ({@)].
3-1. Upper bound
We can now split points with no derivative into two sets

SY ={w; d,, < o« and has no a-Holder derivative)
and

S% = {w; d, > « and has no a-Holder derivative}
and so have dimy S* < dimH(S% U §9).

Obviously D_. = {w; d, < o and d, > «} is a subset of S% as points in D_. have
infinite upper derivative and zero lower derivative by Lemma 2 and 3. Also S% C D¢ =
{w; d, < oand d,, > )} as upper or local dimension coinciding with « is not included in
S¢. Now let s be the least value () attains such that (1-1) is satisfied and let s” > s.

LEMMA 9. If there exists ty such that y (ty) = @ we have

dimy D¢ <5

otherwise dimy D¢> = 0.
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Proof. Take U, = {w; dyn < a and dy+1) = o}. It is evident that every w € D>
has an infinite sequence of (n;);2, such that € U,,. Therefore D¢ can be covered by
U,en Un- But the U, are nested such that for every n there exists k > n such that U, C Uj.
We furthermore have that U, is a collection of points with local dimension tending to o and
U, € K, and we find that %”S,(Uk) for s > s = H(a) must be finite as otherwise we
would have that dimy K, ;) > H(a).

The second case is obvious as we can not have local dimension either above or below «
and so D¢> = @. The result then follows.

By Lemma 8 every w € S? has a sequence of n,, and k,, such that (3-1) is bounded. Set
Iy, = LSy, x (®)], we must then have, for sufficiently high m that k,, > —[,, (1 —¢) /¥ ()
and thus » € C;'. Therefore S* C |, cn -0, C;"' and we get:
LEMMA 10.
dimH (S:) < S.

Proof. Let t; be such that 8(¢,) = s, take s' > s and fix i € {0, 1} for the rightmost
intersection.

ALY YT =YD exp (sulc)s/STn(w)H,ggo(w))
we

neN CEC,T*’ neN cec:-i

<> exp(—n(l = &)s'o()/ YD) Y exp (s sup Sr,,<w>qo(w>)

neN cecii

= Y exp (—n(l = £)s'p(D)/¥ () —nt;) Y exp (sug St s@@) + rxx«»))

neN ceCf

<Y exp(=n(l = e)s'p()/¥ (@) = nt,)

neN

x Y exp (sug St (Bt,) — at)p(w) + ww))

cecE

and, using the fact that ) . _.+ exp (sup, ¢ S7,w) (B(t;) — at)@(w) + ;9 (w)) < 1, we have

A (S <Y exp (—n((Bt) + e /Y@ + 1)) = Y exp (—n(cip) /Y (i) + c2)

neN neN

for some constant ¢; > 0. Now as S(t;) > —t,¥(i)/¢(i) we must have ¢, > 0 and hence
the measure is bounded. So for every s’ > s the Hausdorff measure is bounded and therefore
dimy S¢ < s, as required.

Combining those two lemmas we find that dimy S* < s, which completes the upper bound
part of the proof.

3.2. Lower bound

Again the proof for the lower bound needs to be split into two parts. The first part applies
when there exists 7y such that 8(fy) = «. In this case 8(¢) has minimum value H («) and we
have the following result.
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LEMMA 11. Ifty exists we have dimy S* > H («).

Proof. We begin by constructing a subset D_... ., € D_. and define a measure on it that
will allow us to give a lower bound. Let a small ¢ and ¢’ be given such that ¢ > & > 0.
Now partition K,_, and K, . into sets D, and D:, respectively consisting of finite cylin-
ders w* such that log(uy (w*))/log(Jw*|) gets arbitrarily close to the local dimension, i.e.
(Sn¥ (6))/(Su9p(§)) < —e+e¢/nforall§ € w* € D, . Similarly (S, (§))/(S,¢(§)) >
a+¢&—¢/nforall§ € w* € D). We now form words in D_.. . by alternating words from
the two K sets such that

D_..={lojojwjw; ..]; o] €D, andw; € D,..}

for a sequence of n; increasing fast enough such that the log ratio alternates between less
than o« — ¢’ and o + ¢’. Applying Kolmogorov’s Extension Lemma we can define a measure
von D_. . by taking the 41, on cylinders in D, and p,, on cylinders in D}, where ¢g_ and
q+ satisfy y(¢g-) = @ —e and y(g+) = o + ¢ respectively. Thus for some cylinder in D_.. .,
we have

k k
v([of o] ooy ..o o] 1) = wu,, (@) (l_[ //Lq(wl‘_)) (l—[ Mq+(0)r))
i=1

i=1
if the cylinder ends with a partial word @} 2 w,,, € D, . If the word ends with a partial
wordw, D w, € D;k the measure is defined analogously. Note that v(D_.. ) =< 1 and since

log g, (B(@, 1))

1 B(w,
liminf (€Y (B©@. ) g€ {q_,q+}}.

> inf {lim inf
r—0 logr

r—0 logr

We must have that the lower local dimension d” with respect to the v measure

d, > inf{T(q.) + q.¥(q.) : g« € {g—, q+}}

forallx € D_. .. This means that dimy D_. . > inf{H (o == ¢)} and thus as ¢ can be chosen
arbitrarily small and clearly D_. . € S* we have the required result.

H («) may however not be the highest value of § satisfying (1-1) and the two possible
cases are that 8 does not have any minimum or there is an intersection with g to the right
of the minimum. In either case the intersection happens at a point of § where the slope is
nonnegative and we will construct a subset of $* and use the mass distribution principle to
get an estimate of the lower bound. This will coincide with the upper bound when S(¢),
with y () = «, does not satisfy (1-1) and thus give us the final ingredient to establish
the Hausdorff dimension of S*. The approach here is again very similar to the one used in
[6] and differs mostly in the use of compound words between strings of O symbols which
are introduced to get around the problem that S;x (w) may not be strictly increasing with
increasing /.

Let n; be a given sequence of fast increasing integers and define N; and m, by

k k1
N, =n; and Ny, = Zn, +X(Q)ij fork > 2
j=1 j=1

and

mj = |—N;/¥(0)].
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We now define the partition C!' of K, (,,) with g, such that 8(¢;) = s. By our assumptions
above this means y(q;) < « and so define C!' = {w € K, )} such that the length of the
coding |w| =< n and |, x — n| < 1, which gives us a partition of K, (,,). Construct M by
alternately taking M; words of Cjk /m, and a string of my Os. So

M ={loa1, - ©1am), 0, @2 1)s - s @@y, 0, - - 15
wg,j) € Cn,-/M,- fOI'j st. 1 <j < M;}
Let/; be the length of the word which ends with w »,, and let by a point in this cylinder,

we then have by construction exp S, x (7)) =< exp Ni. And as wy is followed by a string of
my Os we get

exp(Sy, x (M) + mxy (0)) < exp(Ng + [=Ni/¥(0) ¥ (0)

which is obviously bounded. Since the local dimension is also less than « we have M C S°.
We now define a measure v on cylinders of M. For cylinders ending with a string of Os and
k < m, we define

u

M
V([ 1y, - @m0y s oo @nys Op) 1= 1_[ l_[ g, (wn])

j=1i=1

u
= 1_[ Mg, (@i 1y, - - -5 @G,mp])

j=1
and similarly if the cylinder ends with [..., ®@u+1,j%, 1, &2, . - ., ] where there exists a
cylinder in C,,,,, that is a subset of [{y, &, ..., §;] we define

v([@a 1y s @M 0y ooy Oy Oy s v v s @t juys S15 825w o G1)

J* u M
= ptg (01, -, G (1"[ I, ([wwﬂ,i)])) [TIT#a @y

i=1 j=1i=1

= g, [Out1,1)s + ++ s Ot juys C1s oo o5 811) 1_[ g ([0 1), -5 @ mp)-
j=1
By the Kolmogorov Extension Theorem this defines a measure on M and as 114, (K, (4,)) =< 1
we find that v(M) = 1. It remains to show that for any subset U of M the measure of
U is bounded by |U|#@). We do this by first establishing for some compound cylinder 7
consisting of M cylinders in C,,, with & € [n, 0,,1 and k < m; that we have

v([1. 0 = 11, () = exp(St,, &) (B(@1) — 2q)p(&) + @1 (€))
= exp(S,, & B@DPE) + q1x () = (exp(S7, @) — n190) /¥ (0)))" "

B(q1)
= (eXP(STM(s)ﬂ—nl/w@ﬂﬂ(é))) "= |[U,le]|ﬂ(ql) < |, 0117,

There exists two types of cylinders in M, one ending with an incomplete compound word
and one ending with a string of zeros. First assume the cylinder ends in a 0-block, we then
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have for some positive constant ¢ with 7, again referring to compound words

(01,0, - s O1) = [ [ gy (I

j=1

The same argument as in the Kessebohmer and Stratmann paper now applies and given a
sequence of n; increasing fast enough (for the condition see [6]) we get

V([’]l, le 9 e e ey nuy Qk]) < (l[T]], le, ey nu, Qmu]l)ﬂ(ql)is < (|[771, le, RN nu’ Qk]|)}3(‘ll)*s‘

But if the cylinder ends before the 0 block we need to take our new factor M, into account.
As long as n;/M; is small compared to n, we find for compound words 1, and £ € n that
Six (&) < [ forall 0 <[ < ng and so if the cylinder ends with the cylinder [¢1, ..., §] 2
Nu+1 We have

g [1, .o gl < exp(B(q)Sip) + q1(B(q1)Six (&)

< exp(B(@)Sip®)) < (i, - .., mIDPa.

So we also have for these types of cylinders

V([Ul,ley .. '777u’Qmu9 {l’ D) {l]) < (l[nlao_mla ) nu79mu7 Cl# .. 'agl]|)ﬂ(ql)7€'

Thus for any of such standard cylinders U we have u(U) < c|U|#“)~¢, If we now consider
a general open ball B(x, r) centred at some x € E 1 M we have by the strong separa-
tion condition and as we are dealing with strict (conformal) contractions that there exists a
standard cylinder U; C M of coding length / and an integer m independent of / such that
U, € B(x,r) C U,_,. Therefore u(B(x,r)) < w(U_,) < ¢1|U;|P4~¢ for some positive
constant ¢; independent of r and hence u(B(x,r)) < c;|Uj|P9=¢ < ¢rP=¢ for some
independent ¢; > 0. Therefore applying the mass distribution principle we get

dimy % > dimy M > B(q)) — ¢
for arbitrarily small & and the main theorem follows.
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