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We study the inhomogeneous semilinear parabolic equation
ur = Au+ uP + f(x),

with source term f independent of time and subject to f(z) > 0 and with

u(0,z) = ¢(x) > 0, for the very general setting of a metric measure space. By
establishing Harnack-type inequalities in time ¢ and some powerful estimates, we give
sufficient conditions for non-existence, local existence and global existence of weak
solutions, depending on the value of p relative to a critical exponent.

1. Introduction

In recent years, the study of partial differential equations on self-similar fractals
has attracted increasing interest (see, for example, [7-9,13,14]). We investigate a
class of nonlinear diffusions with source terms on general metric measure spaces.
Diffusion is of fundamental importance in many areas of physics, chemistry and
biology. Applications of diffusion include sintering, i.e. making solid materials from
powder (powder metallurgy, production of ceramics); catalyst design in the chemical
industry; diffusion of steel (e.g. with carbon or nitrogen) to modify its properties;
doping during production of semiconductors.

Let (M,d, ) be a metric measure space, that is, (M,d) is a locally compact
separable metric space and p is a Radon measure on M with full support. We
consider the following nonlinear diffusion equation with a source term f on (M, d, u):

up =Au+uP + f(z), t>0andz € M, (1.1)
with initial value
U(O,.’E) = @(I)v (12)

where p > 1 and f,¢: M — R are non-negative measurable functions. With an
appropriate interpretation of weak solutions of (1.1) on (M, d, ), we shall investi-
gate the non-existence (or blow-up) of solutions, the local and global existence of
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weak solutions to (1.1) and (1.2), and the regularity of these solutions. Although
we were partly motivated by a series of earlier papers [1,9-11,15-17], there are new
ideas in this paper which allow conditions for the existence and non-existence of
nonlinear parabolic equations to be developed for the very general setting of metric
measure spaces.

Recall the definition of the heat kernel which will be central to our approach. For
(1 x p)-almost all (z,y) € M x M and for all ¢t,s > 0, a function k(-,-,-): Ry x
M x M — R is called a heat kernel if the following conditions are satisfied.

(k1) Markov property: k(t,x,y) > 0, and fM k(t,z,y)du(y) < 1.
(ko) Symmetry: k(t,z,y) = k(t,y, z).

(k3) Semigroup property: k(s +t,x,z) = fM k(s,z,y)k(t,y, z) du(y).
(ka)

ky) Normalization: for all f € L*(M, ),

tlir& k(t,z,y)f(y)du(y) = f(x) in the L?(M, y)-norm.
—0F Jar

We assume that the heat kernel k(¢,z,y) considered in this paper is jointly
continuous in z, y, and hence the above formulae in (k;)—(ks) hold for every
(x,y) € M x M.

Two typical examples of heat kernels in R™ are the Gauss—Weierstrass and the
Cauchy—Poisson kernels:

1 |z — yl?
k(t,@,y) = WGXP ( T )

+2 ’ m o p(nt1)/2

Cn

Jointly continuous sub-Gaussian heat kernels exist on many basic fractals, for exam-
ple, on the Sierpinski gasket [4] and on Sierpinski carpets [2,3]. For other fractals,
see [12,13]. For non-sub-Gaussian heat kernels, see [5,6].

A heat kernel k is called conservative if it satisfies the following.

(ks) Conservative property:
/ k(t,z,y) du(y) =1
M
for all t > 0 and all x € M.
We will also assume that the heat kernel satisfies the following estimates.

(kg) Two-sided bounds: there exist constants «, § > 0 such that, for all ¢ > 0 and

all z,y € M,
1 d(z,y) 1 d(z,y)
ta/ﬂdsl( t1/68 <kt 2, y) < ta/6¢2 t1/8 )’ (1.3)

where @, and P, are strictly positive and non-increasing functions on [0, c0).
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The parameter « in (1.3) is the fractal dimension, and (3 is the walk dimension
of M (see, for example, [11]).
Two-sided estimates (1.3) hold on various fractals where

®;(s) = Cyexp(—¢;s?/P~D) forall s >0

for constants C;,c¢; > 0,7 =1,2, and 8 > 2 is the walk dimension.
To prove the regularity of solutions, we need to assume that the heat kernel & is
Holder continuous in the space variables.

(k7) Hélder continuity: there exist constants L > 0, v > 1 and 0 < o < 1 such
that

|k(t, 21,y) — k(t,z2,y)| < Lt™Vd(x1,29)°
for all t > 0 and all 1,22,y € M.

Given a heat kernel k&, the operator A in (1.1) is interpreted as the infinitesimal
generator of the heat semigroup {K;}i>o in L? := L*(M, u). Thus, we let

Kigle) = [ Meog)oty) duty), >0, g I (1.4)
M
and define A by
Ag = ltiﬁ]l K9 in L2-norm. (1.5)

Observe that {K;};~o is a strongly continuous and contractive semigroup in L?,
that is, for all s,¢ > 0 and all g € L?,

Ks+t = KsKta
Jim [|Keg —gll2 =0, (1.6)
[Ki¢llq < [[0lly for all 1 < g < oo

The domain of A is dense in L?. Note that the operator A defined in this way is
not necessarily local, unlike in the classical case.

A function wu(t,z) is termed a weak solution to (1.1), (1.2) if it satisfies the
following integral equation:

u(t,x):tho(a:)Jr/O KTf(x)dTJr/O K, uP(1,z)dr, (1.7)

where K; is the heat semigroup defined in (1.4).
We identify critical exponents for the problem which depend only on « and 3:

_Ja/(a=p) ifa> 8,
Po = +00 if o < 0.

In §2 we show the non-existence of weak global solutions to (1.1), (1.2) for 1 < p <
po- In §3 we obtain various sufficient conditions for the local and global existence
of solutions for a range of parameters p, particularly global solutions for p > pg for
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sufficiently small source terms f and initial values . Finally, in §4 we investigate
the Holder continuity of weak solutions.

Our results extend to a very general setting the familiar situation where M = R"
and p is n-dimensional Lebesgue measure, and where the heat kernel k is the Gauss—
Weierstrass function, so that A is the usual Laplacian. In this case, « = n and g = 2,
with critical exponent pg = oo if n < 2 and pg = n/(n—2) if n > 2 (see [1,10,15,16]).
See also [9] for the case where M is a fractal and p is an a-dimensional Hausdorff
measure, and where k is the Gauss-type heat kernel on M.

Notation. The letters C, C;, i = 1,2,..., denote positive constants whose values
are unimportant and may differ at different occurrences.

2. Non-existence of solutions

In this section we give sufficient conditions for the non-existence of essentially
bounded solutions. Writing d for the spectral dimension ds = 2a/3, the exponents
p=1+4+06/a = (ds+2)/ds (where o, 8 > 0) and pp = o/ (o — ) = ds/(ds —2), where
a > 3> 0, which occur in the heat kernel bounds (1.3), play a crucial role in our
analysis (see theorem 2.2). First, we establish lemma 2.1, where condition (kg) is
our only assumption on the heat kernel k& (we do not need the conservative property
of k at this stage).

The following properties of the functions @¢; and @5 in condition (kg) may or may
not hold. There exist positive constants a;, b; and ¢; such that, for all s,¢ > 0,

@1(8) 2 a1@2(a28), (21)
@2(8 + t) > blépz(bgs)@g(bgt), (22)
DY (s) = c1P2(cas). (2.3)

Note that if (2.1) holds, then 0 < a; < 1 by letting s = 0 and using the fact that
D2(0) > P1(0). Without loss of generality, we may assume that as > 1 in (2.1),
since if (2.1) holds for some as < 1, it also holds for any constant ag > 1 by the
monotonicity of @s.

The Gauss-type functions

D1(s) = Crexp(—CasY), Pa(s) = Cszexp(—Cys?), s=0, (2.4)

for constants v > 0 and C; > 0, 1 < i < 4 satisfy properties (2.1) and (2.3). The
Cauchy-type functions

D1(s) =C1(1+5)77, Pa(s) =Ca(1+s5)""7, s=20 (2.5)

for constants v > 0 and C; > 0, i = 1,2, satisfy properties (2.1) and (2.2), but not
(2.3)if p > 1.
Condition (ke¢) and inequality (2.1) lead to the following key lemma.

LEMMA 2.1. Assume that the heat kernel k satisfies condition (kg) and (2.1). Then,
for all non-negative measurable functions g on M, and for allt >0, x € M,

Kig(z) > AiKpg(z), (2.6)

t
/ K g(x)dr > AstKp2,9(x), (2.7)
0
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where Ay = a1a;® < 1, Ay = a1a3°*(1—a3”) < 1 and B = a;” < 1. Consequently,
for all non-negative measurable functions o,

Kuplz) + /0 Kog(z)dr > A[Kp,ip(2) + K, 1(x)], (2.8)

where A = min{A2, Ay} <1 and B) = B> = a;*".

Proof. Tt follows from condition (kg) and (2.1) that
Kig(z) = /M k(t,x,y)9(y) du(y)
> /M @@(‘W}g@) du(y)
Zm /M ta%% (@W)g(y) dpu(y). (2.9)
which, using (ke) again, yields

Kig(r)

WV

ara; ® /M k(ay *t, 2, y)g(y) duly)

= alaQ_O‘Ka;ﬁtg(a:)

= A1 Kpig(x),

proving (2.6).
To show (2.7), we see from (2.9) that, for all 7 € [a; °t, ], using the monotonicity
of $5 and condition (kg),

Therefore,

t t
/ Krg(z)dr > K g(x)dr
0 a

—B
2t

t
> / aray**Kpeyg(z) dr
a

_ﬁt
2

_ —2a -B

= aray “*(1 — ay " )tKp2g(x),

proving (2.7).
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Finally, replacing t by Bt, we see from (2.6) that

KBt‘)O(x) P AlKthQO('r) = AlKBﬂ(p(x)v

and thus,
Kip(z) > A1 Kpro(z) 2 AKp,1o(x). (2.10)

Adding (2.7) and (2.10), we obtain (2.8). O

Lemma 2.1 gives the following estimate (2.11) that plays an important role in
proving the non-existence of global bounded solutions.

THEOREM 2.2. Assume that the heat kernel k satisfies conditions (kg) and (2.1).
Let u(t,x) be a non-negative essentially bounded solution of (1.7) in (0,T) x M.
Then, for all (t,z) € (0,T) x M,

tY PV K o(x) + 7/ P VK f(2) < O, (2.11)

where By = a;% as before, and Cy depends only on p, a1 and as (and, in particular,
is independent of T, and f).

Proof. Observe that, by condition (k;) and using a weighted Holder inequality, for
allt > 0, z € M, and for all non-negative functions g,

/ktxy () du(y)

[/ktmy 0 duy)|

= [Kg(x)]P.

It follows from (1.7) and (2.10) that
¢
u(t, x) 2/ K, uP(r,x)dr
0
¢
> A/ KBl(t_.,.)up(T, z)dr
0
t
= A/ [KBl(t—T)U(T» x)]P dr. (2.12)
0
From (1.7) and (2.8), we see that

u(t,z) > Kip(x /Kf dr
> A(Kpyup(@) + 1Ky (). (2.13)

Starting from (2.13), we shall apply (2.12) repeatedly to deduce the desired inequal-
ity (2.11). Indeed, we obtain from (2.12) and (2.13) that, using the semigroup prop-
erty (1.6) of {K;};>0 and the elementary inequality (a +b)P > a? +bP for allp > 1
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and a,b > 0,
t
u(t,x) > A/ (K, (t—ryu(r, )]’ dr
0
t
> A / Kby 1 (A(Kpy 7+ 7Ky )} )P dr
t
oy / K prep(z) + 7K f (@)]P dr
0
> art fitanpto) + | (K f (@) )
0

= Aerl {t(KBMQO(l‘))p + 1‘]|;]7t1+p(KBltf($))p}.

Repeating the above procedure, we obtain that, for all n > 1,

tlpt 4t [Kpeo(z)]P"
(L+p)P" (L +p+p2)r" ™ (L p+-+prt)
+ AP (K f ()1 }
L+pP (L+p+p?)r ™ (Itp+-+pn) )

u(t,z) > A1+p+-~+p"{

It follows that
A(p"“*1)/(p*1)p"t(p"*1)/(p*1)p"KBt(p(x) <ult,z)? " H(l +p+--- erifl)p":’
i=2
(2.14)

n

AP =D/ =1 0" =D/ (=00 Fep £ (2) < u(t, 2)P H(l Fp+ee- 4P

—1i

i=1
(2.15)
Since
n ‘ i 0o 1 o
logH(lerJr"'er“l)p S Zﬁlog(zpl) < +o00,
i=2 i=2
n ) . o 1 )
log [[A+p+---+p)" <3 Slog((i+1)p') < +oc,
i=1 i=1

and that u(t, ) is essentially bounded on (0,T") x M, we pass to the limit as n — oo
in (2.14) and (2.15), and conclude that

VPN K po(z) < 10y, (2.16)
/P, f(z) < i (2.17)
for some C7 > 0. Adding (2.16) and (2.17), we obtain (2.11). O

We are now in a position to obtain the main results of this section.
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THEOREM 2.3. Assume that the heat kernel k satisfies conditions (kg) and (2.1).
Then the problem (1.1), (1.2) does not have any essentially bounded global solution
in each of the following cases:

(1) if p <1+ B/a and if either o(x) 2 0 or f(x) 2 0;
(i) if o < 3 and if f(z) 2 0;
(iii) if o> B and p < a/(a = B)(> 1+ B/a) and if f(x) 2 0.

Proof. We prove the results by contradiction. Assume that u(t, z) is a non-negative
essentially bounded global solution. Replacing Bit by ¢, we see from (2.11) that,
forallz € M and t > 0,

/D Kyp(a) + 7/ PV f(2) < O, (2.18)
where 0 < Cj < oo is independent of ¢ and f.

Proof of case (). If p(z) 2 0, we see from (kg), using Fatou’s lemma, that

- o d(z,y)
a/p J
lmint 1/ Kip(o) > lyminf | 451( D) o) duty) > O,
where Cy = 1if [[]ly = o0, and Cy = @1(0)[0]l1 if [lp]ls < co. However, as
1
p—1" 4
this is impossible by using (2.18). Hence, (1.1), (1.2) do not have any global essen-
tially bounded solution.

If f(z) 2 0, observe that u(t+to, z) is a weak solution of (1.7) with initial datum
o(x) = u(to, ). We may find to > 0 such that u(to,z) £ 0. Repeating the above
argument, we again see that (1.1), (1.2) do not have any global essentially bounded
solution.

Proof of case (ii). Observe that, by (1.7) and (2.7),

u(t,z) > /t K. f(z)dr > AstKp,f(x). (2.19)
0

We distinguish two cases: a < § and a = .
CASE 1 (a < (). It follows from (2.19) and (ke) that

liggft(“/ﬁ)*lu(t, z) > Aplim inf t"PKp  f(x)

i 1 d(z,y)
>A211trggclft /B/M (Blt)a/f’@l((Blt)l/[’)f(y)du(y)

> Cs, (2.20)

where C5 = 1 if || f||1 = oo and C5 = AQBl_a/B@l(O) > 0 if ||f|li < oco. However,
since u is globally essentially bounded and a/8 < 1, we see that

lim inf ¢/ =1y (¢, 2) = 0,
t—o00

which is a contradiction.
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CASE 2 (a = ). For t > 1, it follows from (kg), (2.1) and the monotonicity of P
that

u(t,x)}/o K, f(x)dr

> [ [t (U5 2) s autw
> a /1t dr /M 710, <a2 dg;g))f(y) du(y)

> a / rldr /M s (azd(x, ) £ (y) dp(y). (2.21)

Since f(z) 2 0, we can find a point z € M such that

/M Dy (azd(z,y)) f(y) du(y) > 0.

Passing to the limit as t — oo in (2.21), this contradicts that u is globally essentially
bounded.

Proof of case (iii). It follows from (2.18) and (ke) that
lim inf C;¢*/#=P/®P=1 > liminf t*/P K, f ()
t—o0 t—o0

t—o0

.. d(z,
> lim inf @1( (f/g))f(y) du(y) = Cu,
M t

where Cy = 1 if [|f|l1 = oo and Cy = $1(0)| fl1 if || f]l1 < oo. However, this is
impossible since a/8 — p/(p — 1) < 0. The proof is complete. O

In theorem 2.3, we do not know in general whether there exists any essentially
bounded global solution for the two critical cases p = 1+ /o, o, 8 > 0, and
p=a/la—0),a>p>0.

However, theorem 2.3(i) may be improved to include the critical exponent p =
1+ B/« under further assumptions (2.2) and (2.3) on the heat kernel k. We first
need the following property.

PROPOSITION 2.4. If @y satisfies (2.2), then, for allt >0 and all x,y € M,

By (d(z,y)t /")
By (byd(z, 0)t—1/5)

where the constants b;, i = 1,2,3, are as in (2.2).

= b1¢2(b3d(y50)t71/ﬁ)7 (222)

Proof. Since @4 is strictly positive and decreasing on [0, 00) and d(z,y) < d(x,0) +
d(y,0), we have

Bo(d(z, y)t=B) = By (d(x, 0)t =P + d(y, 0t~ /5). (2.23)
Tt follows from (2.2) that
By (d(a, 00t~ P + d(y, 0)t=B) = by®y(byd(z, 0)t P YDy (bsd(y, 0)t /7)),
which combines with (2.23) to give (2.22). O
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THEOREM 2.5. Assume that the heat kernel k satisfies conditions (ks), (ke¢) and
(2.1)—(2.3). Then (1.1), (1.2) does not have any essentially bounded global solutions
if p <1+ B/a and if either p(x) 2 0 or f(z) 2 0.

Proof. In view of part (i) of theorem 2.3, it is sufficient to consider the critical
exponent p = 1+ §/a. We only consider the case ¢(x) £ 0 (the case f(z) £ 0 may
be treated in a similar way). Then (2.18) becomes

1919 K yol) + 09 K (@) < C.
From condition (kg),

/ e(y) du(y) < Cs, (2.24)
M

where Co = C1/$1(0). For any to > 0, the function v(t, z) = u(t + to, z) is a weak
solution to (1.7) with initial datum @(z) = u(tg, z). Repeating the procedure of
(2.24), we have that, for all ¢, > 0,

/M u(to, y) du(y) < Co. (2.25)

We claim that there exist positive constants =, p possibly depending on ¢y and ¢
such that, for all z € M,
u(to, ) = pk(vy,x,0). (2.26)

To see this, observe that
s (d(x,0)y™17) = k(y, 2,007°/7,
and thus, using (2.22) and setting v = (a1b2) P10,
1 Do (arbsd(y, 0)tg ) Pa(arbad(x, 0)t5 /)
1B (arbsd(y, 0)ty ' k(v, 2,007/,

By (azd(z, y)tg 7

Using (1.7) and (2.1),
ulto, z) > / K(to 2, 9o (y) du(y)
M
> 0/ / &1 (d(z, y)ty ) ey) duly)
M

= altaa/ﬁ/ Do (asd(z, y)taw)@(y) du(y)
M

a/B
> alzn(;) k(y,,0) / By (arbsd(y, 0)ty ) (y) duly),
M

hence, inequality (2.26) holds by setting

/B
pi=aib (Z)) /M By (a1b3d(y, 0)tg V) (y) du(y),

proving our claim.
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Consider v(t, z) = u(t + to, z) such that u(to,z) 2 0. Applying (2.26), we obtain
/ (t,z, y)ulto, y) du(y) > p/M k(t, z, y)k(v,y,0) du(y)
= pk(t +,2,0),

which yields, using (1.7), (ks) and Fubini’s theorem, that

[ oo > [ ante /d/w (t = 7,2, 5007 (7, ) du(y)
= /O dr /Mvp(ﬂy)du(y)

> [ar [ B +.00 duto) 21)
As p=1+4 3/a, we see from (2.3) and (kg) that
K (1 +7,9,0) = (7 4 7) /DR (d(y, 0)(r + )7 /7)
> 1 (7 + )" IO By (cad(y, 0) (7 + ) 71F)
= 163 (1 +7) ez P (m + )] o (cad(y, 0) (7 + 7))
> e16y (1 +7) " k(ey (T +7).9,0),
which combines with (2.27) to give

/ v(t,x) du(z) = cre5 %p /(T+’)/)71d7'. (2.28)
M 0

Passing to the limit as ¢ — oo, we conclude that

/ v(t, z)dp(z) — oo,
M
which contradicts (2.25). O

3. Existence of solutions

In this section we give sufficient conditions for local existence and global existence
of weak solutions.

THEOREM 3.1 (local existence). Suppose that the heat kernel k satisfies (kg). Let
b(t) be a continuously differentiable function on [0,Ty) satisfying

o e[ [ IS
v =r] [ =0 s . (3.1)
with ingtial value b(0) = 1. If
T p—1
T e | !
A L LN R (32)

then (1.1), (1.2) has a non-negative local solution uw € L*°((0,T), M) for all 0 <
T < Ty, provided that ||¢]|eo < 00.
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REMARK 3.2. By Peano’s theorem, there exists some Ty > 0 and some continuous
differentiable function b(t) such that (3.1) holds in [0,Tp). Clearly, such a b(t) is
non-decreasing in [0,7p). On the other hand, condition (3.2) may be verified for
some specific cases. For example, if (ks) holds and if f =0, ¢ = C > 0, then

b(t) = [1 — (p— P10

satisfies (3.1) in [0,Tp), where Ty = (p— 1)~'C~®~1 and (3.2) also holds. As
another example, let f =1, = 0 and assume that (ks) holds. Then, for p = 2, we
see that b(t) = 1/(cost) satisfies (3.1) for ¢ € [0, 27), and that (3.2) holds.

t) = b(t)/0 ”IZT(f)'C’O dr

Note that a(0) = 0 and a(t) > 0 for ¢t € [0,Tp). Incorporating this into (3.1), we get

b (t) = b(t)[a(t) + b(t) [ Kepllo” ™"

Proof. Define

Moreover,

ey V' (t)a(t)
a(t) = [ Keflloo + W

= 1K flloo + a(®)[a(t) + b(t) | Kepll o]~

Together with the initial conditions, these differential equations are equivalent to

t t
0= [ 1K flwdr+ [ am)a) WO el dr (33)
t
b0 =1+ [ br)(alr) + o)) (34)
0
Let ‘H be the family of continuous functions u satisfying
Kip(x) <u(t,z) < a(t) + b(t)Krp(x) for all (t,z) € [0,Ty) x M. (3.5)
Define
Fu(t,z) = Kep(z / K f(x dT—|—/ K uP(r,z)dr. (3.6)

We claim that if u € H, then Fu € H, that is,
Kio(x) < Fu(t,z) < a(t) + b(t) Kip(r), 0<t<Ty, € M. (3.7)
Using (kq), observe that

/ Koo [a(r) + b(r) K o]? () dr
- / ar / Kt — 7, 9)la(r) + b(r) Ko ()] dpu(y)
0 M

S / [a(7) + b(T) | K plloo]? ™ a(r) + b(r) Kep ()] dr.
0
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Tt follows from (3.6) and (3.5) that
Fult,z) < /Kf dr+/KtT )+ b(r) K] (2) dr
[/ I, f||ood7+/ af7)la(r) + <>|Kfsooo1p1dv]

# 1 [ blatm + sl el ar] it

= a(t) +b(t) Kip(x)
using (3.3) and (3.4), so (3.7) holds, proving our claim.
Forn=0,1,2,..., define
uo(t, z) = Kip(x),
Upt1(t, ) = Fuy(t, x).
Using (3.6) inductively, it follows that the sequence {u,(t,x)} is non-decreasing
in n, and, for all n > 0 and all z € M and t € [0,T}), satisfies
Kip(z) < un(t, z) < alt) + b(t) Kip(x).

Let u(t,z) := lim, 0 uy (¢, ). Note that Kip(z) < u(t,z) < a(t) + b(t)Krp(x).
Using the monotone convergence theorem, we have

lim dT/th—Txy) P(r,y) du(y /dT/kt—TJL‘y P(r,y) du(y).

n—oo

Since uy, (¢, x) satisfies

Uni1(t,2) = Kip(z / K, f(zx dT+/ K, ub (7, x)dr, (3.8)

we pass to the limit as n — oo to obtain

u(t,z) = Kyp(x /Kf dT+/KtTupT.’IJd

which shows that u(t, ) is a non-negative local solution of (1.1), (1.2) for ¢ € [0, Tp).
Since a(t), b(t) are differentiable functions on [0,7p), we see from (3.5) that, for
all ¢ € [0, Tp),
[u(t, oo < lla(t) + b() Kiplloo < o0

The proof is complete. O

Recall that, by theorem 2.3, (1.1), (1.2) do not have any essentially bounded
global weak solution if o > § and p < o/(« — ) and if f(z) 2 0. However, we can
show that (1.1), (1.2) possess an essentially bounded global solution if p > «a/(a—0),
for small functions f and ¢ (cf. [17] for Euclidean spaces). To do this, we need some
integral estimates which are consequences of measure bounds for small and large
balls.
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Recall that a measure p on a metric measure space is upper a-regular if there
exist some C, a > 0 such that

w(B(x,r)) < Cr* forallz € M, r >0, (3.9)

and is a-regular if there exists a constant C' > 0 such that, for all x € M and all
r >0,
C'r* < u(B(x,r)) < Cr* forallz € M, r > 0. (3.10)

It was shown in [11, theorem 3.2] that if the heat kernel k satisfies (k) and (kg)
with @o(s) satisfying

/ 5971 Py (s) ds < oo, (3.11)
0

then the measure p is a-regular. Note that, by the monotonicity of @5, condi-
tion (3.11) implies that s*@5(s) < C < oo for all s € [0, 00).

PROPOSITION 3.3. Assume that u is upper a-reqular and xg is a reference point in
M. If 0 < A\ < a and A\ + X > «, then there exists a constant Cy > 0 such that

1
/M d(y, z)M[1 + d(y, 0)>2] du(y) < Co  for all x € M. (3.12)

Proof. For each x € M, let 1 = {y € M: d(y,z) > d(y,z0)} and 25 = M \ (2.
Then

1 1
o T T ey 40 < [, T g 49
and
/ : du(y) < / ! du(y).
2, Ay, 2)M [1 + d(y, 20)*?] a Ay, 2)M 1+ d(y, )]
Routine estimates using upper regularity (3.9) now give uniform bounds on these

integrals near xg and z (since A; < «) and, for large d(y,zo) and d(y,z) (since
A1+ A2 > ), to give (3.12). O

PROPOSITION 3.4. Assume that i is upper a-reqular and xg is a reference point in
M. If 0 < M\ < a and Ay > «, then there exists a constant C7 > 0 such that

1 Ch

M Ay, Q:))\l 1+ d(y, zo))\Q] du(y) < W (3.13)

Proof. Fix x € M. If d(z,z¢) < 1, then (3.13) directly follows from (3.12), since

1 2C)y
d <Co——mm—.
/M d(y, :L')/\l [1 + d(yv xO))\Z] H(y) 0 1+ d(l’, xO))\l

Assume that d(z,z0) > 1. If d(y, z¢) > $d(z,xo), we have that

1 C
< ;
L+d(y,xo)*> = [1+d(y,z0)*>~M][1 + d(x, o) ]
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where C' is independent of zq,y. Using proposition 3.3, it follows that

/ : du(y)
d(y,xo)2d(z,x0)/2 d(ya x))\l [1 + d(ya ZO))\Q]

S / ! du(y)
U5 d(@, 200 Ja(yan)sd(o.eny/2 45 2)M 1+ d(y, mo)> 1]
Ch

<— 3.14
1+ d(x, xo)M (3.14)
If d(y, o) < d(z, o), then
- Y 1 - M+
d(y, »)™" < [d(z,20) — d(y, z0)] ™ < [gd(z, 20)] ™™ < T dmag™ (3.15)
and hence,
1 Co
du(y) < ——2———. (316
F ooy T T 071 49 < Ty :
where we have used that
1
—d < A2 > .
o Ty ) <o e
Adding (3.14) and (3.16), we see that (3.13) also holds if d(z,z¢) > 1. O

We now show the global existence of weak solutions for small ¢ and f.

THEOREM 3.5 (global existence). Let o > 3 > 0 and suppose that the heat kernel k
satisfies (ks), (k) and that $o satisfies (3.11). Let X > a and let xq be a reference
point in M. Then, for each p > a/(a — 3), there exists 6 > 0 such that if

)
1+ d(z,x0)N
then (1.1), (1.2) has an essentially bounded global solution.

0 < (), f(z) <

Proof. Recall that conditions (ks), (kg¢) and (3.11) imply that p is a-regular. Let
the map F be defined as in (3.6):

Fu(t,z) = Kyp(z /Kf dT-i—/KtTUTSL’d

For € > 0, let S. be the complete subset of the Banach space L>([0, 00) x M) given
by

S. = {u € L([0,00) x M): 0 < u(t, z) < W}

We will use the contraction principle to show that, for appropriately small € and J,
there exists a global solution in S..
For A > «a, we claim that there exists Cy > 0 such that, for all 0 < g(z) <
§/(1 +d(z,2)"), we have
Cad

th( ) m for all z € M and all t > 0. (317)
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To see this, let x € M. If d(x,x0) < 1, then (3.17) is clear, since

Kog(x) = /M Kt 2,9)9(y) du(y)

1)
< | — 2 k(t,z,y)d
/N Tt duty)

< 5/ k(t,z,y)duly) < 0
M

26
< ——.
1+ d(z,zp)™

So assume d(z,xo) > 1. Using condition (kg), we have that

Kig(o) < [ gkt ) duty)

1 1 d(y, z)
<
<, e () v

1
" /g T+ dly,zop Y du(y)}, (3.18)

where 21 = {y € M: d(y,z0) < %d(m,xo)} and 23 = M \ . For y € {21, noting
from (3.11) that s*®5(s) is bounded, we have

w7 ) = e (i )a% ()

__Cc _ 2C
S d(y, @)™ T d(w, @)
20+1C

< 77
1+ d(z,z0)
and hence, using

du(y)
—_— for A
/M1+d(y,a:0)’\ < 400 for A > «,

we have

1 1 d(y, =) 20t / du(y)
@ du(y) <
/91 L+ d(y, z)* to/P 2( t1/0 > 4v) L4 d(z, 20)* Jo, 1+ d(y, z0)*

C
< ——.
1+ d(z,xg)®

(3.19)

For y € (2o,

1 2*
- - < -
/(22 1 _|_d(y’$0)/\k(t’xay) d.u(y) T n d(l‘,l’o)/\ /{22 k(t,a:,y) dﬂ(y)
c

<—Fnrn——. 2
15 d(z, 70)° (3.20)
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using that A > «. Adding (3.19) and (3.20), we see that (3.17) follows from (3.18),
proving our claim.

Observe that, by (k) and (3.11),

' f1 d(y, =)
/0 k(’r,l’,y) dr < A W@Q <71/ﬁ) dr

(3.21)
since

oo 1 00
/ s 1, (s) ds < @2(0)/ s* A1 ds +/ s 1Py (s) ds < 400,
0 0 1

using the monotonicity of @5 and (3.11).
Therefore, using (3.21) and (3.13) with Ay = a — 8 >0 and A2 = A > a,

/Ot K. f(z)dr = /M [/Otk(r,x,y) dr}f(y) du(y)
c b

< d
/M ay, 0% (L1 (g, zop)
< c

S 1+ d(w,x0)* P

for all x € M and t > 0. Similarly, for u € S, using (3.13) with Ay = a — S,
A2 = p(a— ) > «, we have that

t t Ep
Ki_uP(r,x drg// k(t—T,x, d dr
A t ( ) 0 " ( y) (1+d(y,x0)a*ﬂ)1’ ,M(y)
< C eP

du(y)

)

(3.22)

h /M d(y, z)*=P (14 d(y, zo)>~F)P
1 1
< CeP
: /M d(y,x)*=F 1+ d(y, zo) >~
P
< Ce
1+d(z,xo)*F
for all x € M and t > 0. It follows from (3.17), (3.22) and (3.23) that if u € S,
then

du(y)

(3.23)

C20 Cd+ Ce?
t,r) <
fu( 7x) 1+ d(l‘,l‘o)a 1+ d(l‘,$0)o‘_ﬂ
C1(6 +¢P) £

S 14d(z, )P T 14 d(x,z0) P
provided that C1(d + P) < ¢, in which case FS. C S..
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Next we show that F is contractive on S.. Indeed, for uy,us € S, we have

Funttn) - Fuattal < [ [ W= raletn) - )l auty) an
Using the elementary inequality
la? — bP| < pmax{a? ', b’ '} a —b| fora,b>0, p>1,
and the definition of S., we obtain, using (3.21) and (3.12), that

|Fui(t,x) — Fua(t,x)

peP!
||’LL1 77-1/2”00/ / - T, y [1+d(y7x0)a_5]p_1 dp’(y) dT

peP! d

< Cape” M ur — Uz oo

Thus, if € is small enough to ensure that both CspeP~! < 1 and C1eP < ¢, and then
if ¢ is chosen small enough so that C1(d + e?) < ¢, applying Banach’s contraction
principle to F on the complete set S, implies that (1.7), and thus (1.1), (1.2) have
a global positive solution in S.. O

4. Regularity

In this section we discuss the regularity of weak solutions. We show that weak
solutions are Holder continuous in the spatial variable x if the source term f and
initial value ¢ are both Hélder continuous. We adapt the method used in [9)].

In order to obtain the regularity of weak solutions, we need to assume that the
function @, in condition (kg) satisfies the following assumption:

/OO $9Pa(s)ds < o0, (4.1)

where « is as in condition (kg). Since @ is non-increasing on [0, 00), condition (4.1)
implies that s!T®,(s) = o(1) as s — oo.

Clearly, the Gauss-type function @ defined as in (2.4) satisfies condition (4.1)
for all 4 > 0, while the Cauchy-type function @5 defined as in (2.5) satisfies condi-
tion (4.1) for all v > 1 + a.

Note that condition (4.1) is stronger than (3.11), and hence it implies that p is
a-regular.

PROPOSITION 4.1. Assume that u is upper a-reqular. If P satisfies (4.1), then, for
all X € (0,1],

/M d(x, y) Py (dif/’ﬁy)) du(y) < Cot@N/B for all € M, >0, (4.2)

for some constant Cs.
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Proof. Let g(r) = r®y(r/t/P) for r > 0. From (4.2), g(r) = o(r~®) so, by a
standard argument using a-regularity and integration by parts [9, proposition 4.1],
it follows that

/M d(z,y) s (dfj’j’)> dp(y)

= /M g(d(x,y)) du(y)

e / reg'(r)] dr
0

_ © a1 (T T LA P
_Cl/o reIAr ¢2<t1/ﬁ>+r ds?(ﬂ/ﬁ)t ’dr

o0 (o)
< CytlatN/B [/ s TA1P, (5) ds +/ s~ (s)) ds}
0 0

By an easy calculation, the last integral

/ M= (5)) ds = —s2T 2Dy ()| + (o + /\)/ 5921, (s) ds
0 0

=(a+ /\)/ A1, (5) ds
0

<03

using (4.1). Therefore,

/ d(, )8 L2 4,y) < CotteNI3,
M t1/8

as desired. 0

We now show the Hoélder continuity of weak solutions of (1.7).

THEOREM 4.2 (Hélder continuity). Assume that ¢, f € LY(M) are Hélder contin-
uous with exponents 01,02 € (0,1], respectively. Then, for all x1,x9 € M,

where Cy,Cg > 0. Assume that the heat kernel k satisfies (ks)—(k7) and that Po
satisfies (4.1) with A = max{61,62}. Let u(t,z) be a non-negative weak solution to
(1.1), (1.2) that is bounded in (0,T) x M for some T > 0. Then u(t,z) is Holder
continuous. For all 1,29 € M and allt € (0,T),

lu(t, z1) — u(t, z9)| < Cd(z1,22)?, (4.5)

where = 010 /(01 + vB) and C > 0 may depend on T but is independent of t, x.
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Proof. From (kg), (4.3) and (4.2), there exists C' > 0 such that, for all ¢ > 0 and
zeM,

. o (40
[ bt lo) - elant) < st~ [ e gron( U2 auo)
< Coth/8, (4.6)

By (1.7), it is sufficient to show that each of the functions ug, u; and ug is Holder
continuous in (0,T) x M, where

ug(t,r) = Kyp(x

(4, 2) / K f(z
us(t, ) :/0 K, uP(r,x)dr.

We first show the Holder continuity of ug. Indeed, for ¢ > 0 and z1,z2 € M, we see
from (k7) that

|uo(t, 21) — uo(t, x2)| = ‘ /M(k(t,mhy) — k(t, z2,9))e(y) duly)

Lt™Vd(xq,22)7 ||oll1
Llgllid(zs, z2)° " (4.7)

if t > d(xz1,x2)%, where sy > 0 will be specified later on. On the other hand, if
t < d(x1,22)%, we have, using (ks), (4.6) and (4.3), that

<
<

luo(t, 1) — uo(t, v2)| < ‘ /M k(t,z1,9)(p(y) — (x1)) du(y) + [p(z1) — (22)]

-/ k(t,z2,y)((y) — @(r2)) duly)

2Ct91/ﬁ + C5d({L‘1, x2)91
(

<
< Cld(zy, x2)%%/P +d

I, 562)01].
Combining this with (4.7), it follows that

Cld(x1,22)° 7% + d(z, 22)*°% /P + d(x1, 25)")

[uo(t, x1) — uo(t, z2)| <
< Cd(l‘l, 1‘2)010/(014_”’6) (48)

for all ¢ > 0 and 1,22 € M with d(z1,22) < 1, taking so = o/(v + 61/08) so that
o —vsy = sgh1 /3, and where we have used the fact that 6, > sgf1/Bforo <1< v
and 0 > 1.

Next we show the Holder continuity of ui. As with (4.6), from (ke), (4.4) and
(4.2), we have that

/ k(r, 21, )| f(y) — f(a1)| duly) < C7%/P,
M
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which yields, using (k5) and (4.4), that
‘ul (ta $1) - ul(ta xZ)l

/O K, f(1) — Ko f(22)) dr

/ dr / K(ra 21, 0)(F () — (1)) dua(y) + €F (1) — f ()]
0 M

_ / dr / k(7,2 9) (F(y) — f(22)) dpu(y)
0 M

t
< 2C’/ %2/8 4r + Cgtd(zl,x2)92
0

= Ctf2/9+1 + C6td($1,.%‘2)92
< Cld(wy, w2)*H1%/8 4 d(2y, w9)* 17 (4.9)

if ¢t < d(x1,22)°*, where s; > 0 will be chosen later.
On the other hand, if ¢t > d(xz1,22)%', and setting t; = d(z1,2z2)%', we obtain,
using (k7), that

/ K, f(1) — Ko f()) dr| < / ar [ Wk(ran.9) = Koz, )] )

t1

t
< / Lr=Vd(z1,22)° || ]2 dr

t1
1—v 1—v
v —¢
S
v—1

L
< (@) O L. (4.10)

d(z1,22)7 || fll1

Tt follows from (4.10) and (4.9) that

t

|u1(t,x1) - ul(tv .’[2)‘
/011 Ko f(21) — K7 f(22)dr| + ‘ lKrf(fﬂl) — K- f(x2)dr
t1

C[d(xl,x2)51+5192/’8 + d(x1,$2)51+92 + d(x17x2)51(1*1/)+0']
Cd<$1,$2)0(02+5)/(92+1/5) (411)

<

<
<

if d(x1,22) < 1, taking s1 = 08/(02 + v(3) so that s; + s1602/8 = s1(1 —v) + 0, and
where we have used the fact that

s14+ 0y = 51+ 5102/

forc<1<vand(>1.
Finally, we show the Holder continuity of ug. As u(t, z) is bounded on (0,7) x M,
we see that

t
/ dT/ k(t — 7,2z, y)u®(7,y) du(y) < Cn.
t—mn M
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Hence, using (k7), we obtain

|UQ(t xl —UQ t xg

‘/tndT/ (t — 721, y)uP(1,y) du(y)

_ / dr /Mk(t—T,xz,y)Up(T, y) du(y)
- /0 Car /M(k(t —7,21,y) — k(t — 7, 22,9))uP (1,y) du(y)

<200+ L/Ot_n dr /M [t = 7|7 d(21, 22)7uP (1, y) du(y)
< Cn+n'"Vd(x1,22)7).
Taking n = d(x1,22)°/", we thus have
g (t, 21) — ug(t, x2)| < Cd(zy,x2)7/". (4.12)
Combining (4.8), (4.11) and (4.12), we conclude that
lu(t, z1) — u(t, 22)| < Cd(xy, zq)%2/ (O1F70)

forall t € (0,T) and z1, 22 € M with d(x1,z2) < 1, for some C > 0, where we have
used that

0,0 ggg 0(924—5).
0, +vB v 0> + v

The proof is complete. O

Finally, one may show that if the heat kernel k satisfies (ks), if | f|oo < 00 and if
p(x) satisfies

| Kiysp(x) — Kip(z)| < Co forallt >0, v € M,

then the essentially bounded weak solution u of (1.7) is Lipschitz continuous in
time ¢t on (0,7) x M, that is,

lu(t + 0,2) —u(t,z)] < C16, te(0,T), §>0, z € M.

We omit the details, which are similar to the special case considered in [9].
We note that, unlike the blow-up and the existence, the regularity of solutions is
not related to the Hausdorff dimension « and the walk dimension (3.
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