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ABSTRACT. Given a compact subset F' of R2, the visible part Vo F of F from
direction € is the set of x in F' such that the half-line from x in direction 6
intersects F' only at x. It is suggested that if dimy F' > 1, then dimyg Vp F =1
for almost all 6, where dimy denotes Hausdorff dimension. We confirm this
when F' is a self-similar set satisfying the convex open set condition and such
that the orthogonal projection of F' onto every line is an interval. In particular
the underlying similarities may involve arbitrary rotations and F' need not be
connected.

1. INTRODUCTION

The concept of ‘visibility’ has been studied for many years. Nikodym [§] con-
structed a remarkable ‘linearly accessible set’, that is, a plane Lebesgue measurable
subset F' of the unit square of full measure 1 such that for each z € F' there is
a straight line L with FF' N L = {z}; in other words, each point of F is visible
from two (diametrically opposite) directions. In the realm of convex geometry,
Krasnosel’skii’s theorem provides an elegant criterion for the entire boundary of a
compact subset of R? to be visible by direct line of sight from an interior point;
see [2] for a survey of this area. More recently, the nature of the visible parts of
fractals has been considered, with the question of the Hausdorff dimension of the
visible parts attracting particular interest [II [5] @ [10].

There are two (related) approaches: given a set F' C R? one can consider the
subset of F' that is visible from a point x (that is, the subset of F' that may be
joined to x by a line segment intersecting F' at no other points). Alternatively, the
visible part may be considered with respect to a direction . In this case the visible
set of F is the subset of F' from which the half-line in direction 6 does not intersect
F' in any other points. We adopt the latter approach here.

The relationship between the Hausdorff dimension of F' and its visible subsets
from various points or directions is of particular interest. It has been suggested
that if F' has Hausdorff dimension greater than 1, then the Hausdorff dimension of
the visible subset is 1 from almost all points and from almost all directions. This
has been established for certain classes of sets, and here we address this question
for a class of self-similar subsets of the plane.
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For a unit vector § € R? we define ly to be the half-line from the origin in the
direction 6:

lg=A{rf:r >0}

Let IIp = {x : -0 = 0} be the linear subspace perpendicular to § and proj, : R? —
1Ty be the orthogonal projection onto Ily.

Definition 1.1. For a compact set F' C R? the visible part of F' from the direction
0 is

VgF:{zEF:(x—i-lg)ﬁF:{:zr}}.

There are natural generalisations of visibility to higher dimensions, but we do not
discuss these here; see [5].

The Hausdorff dimensions of projections of sets are summarised in Marstrand’s
projection theorem; see [3|, [7]. We write dimy and dimp to denote Hausdorff and
box-counting dimension.

Theorem 1.2. Let ' C R? be a Borel set.
(a) If dimy F < 1, then dimpy projyF' = dimy F' for Lebesgue almost all 6.
(b) If dimpg F > 1, then dimp projyF = 1 for Lebesgue almost all 6.

Since dimpg projoF < dimpy VpF < dimg F for all 6, part (a) implies that if
dimyg F < 1, then dimy Vo F = dimg F for Lebesgue almost all . If dimy F > 1,
then (b) implies that dimgy Vo F > 1 for almost all § and in many cases there is
equality here for almost all 8. Thus one is tempted to make the following conjecture.

Conjecture 1.3. If F is a compact subset of R? and dimy F > 1, then dimy Vo F =
1 for Lebesgue almost all 6.

This has been verified for several classes of fractals. Simple arguments, for exam-
ple using rectifiability (see [0]), show that graphs of functions satisfy Conjecture [[3]
with the only exceptional direction being perpendicular to the z-axis. The conjec-
ture holds for quasi-circles; see [5]. The paper [5] also addresses certain connected
self-similar sets for which the group generated by the rotational part of the simi-
larity transformations is finite, as well as some disconnected sets, for example for
four-corner Cantor sets with contraction ratios between 1 and 3. In [I] it is shown
that if F' is the random set obtained from the fractal percolation process, then
the conjecture holds almost surely. For an upper dimension bound, the part of a

compact connected set F' that is visible from a point = has Hausdorff dimension at
most 1 + \/dimy F — 2 for almost all z € R see [9].

Here we give another class of sets for which Conjecture [[L3 holds. We show that
if a compact set F' is self-similar and satisfies the convex open set condition and if
projg F' is an interval for all 6, then the Hausdorff and box-counting dimensions of
the visible part VyF equal 1 for all 8. In particular, we allow the group generated
by the rotational part of the similarity transformations to be infinite and we do
not require F' to be connected (although the projection condition is automatically
satisfied when F' is connected and not a line segment).
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2. MAIN RESULTS

Let {S;}Y, be an iterated function system (IFS) consisting of contracting simi-
larity transformations of R?. The well-known result of Hutchinson (see [3,[4]) states
that there exists a unique non-empty compact set F' satisfying

N
F=JSi(Fp).

The set F' is termed the attractor of the IFS and in our case, where the {S;} are
similarity transformations, F' is termed self-similar. We write H for the convex hull
of F'; clearly H is compact.

Recall that the IFS satisfies the open set condition if there exists a non-empty
open set O such that

N
(2.1) Jsi0)co

with the union disjoint. (The open set condition guarantees that the Hausdorft
dimension of the attractor F' equals its similarity dimension; see [3, [].) If we can
find a conver open set satisfying (2.1]) we say that the IFS satisfies the convex open
set condition; it is easy to see that if this is the case, we can always take the open
set O to be the interior of the convex hull of F' (provided F' is not a subset of a
line), so that 1)) becomes

N
(2.2) | Si(intH) C intH

i=1
with the union disjoint. Indeed, since the inclusion in (Z2J) is automatic when H is
the convex hull of the attractor F', the convex open set condition is equivalent to
the sets {S;(int H)} ¥ | being disjoint.

Theorem 2.1. Let {S;}Y, be an IFS of similarity transformations on R? which
satisfy the convexr open set condition, with attractor F'. Suppose that proj,F is an
interval for all 8. Then

dimg VpF = dimp VyF =1
for all 6.

If F' is connected, then projyF' is always an interval, so the following corollary is
immediate.

Corollary 2.2. For every connected self-similar set F C R? for which the convex
open set condition holds,

dimg Vo F = dimp VhF =1
for all 0.

If we are only interested in visibility from certain directions; the condition that
projgF' is an interval can be weakened if the group generated by the rotational
part of the similarity transformations is finite. Let G be the subgroup of the
orthogonal group O(2) generated by the rotational or reflectional components of
{S;}N, (regarding each similarity S; as a composition of a homothety (i.e. a
similarity with no rotational component) and a rotation or reflection).
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Theorem 2.3. Let {S;}Y, be an IFS of similarity transformations on R? which
satisfy the convex open set condition, with attractor F. Suppose that the subgroup

G 1s finite. Let 0 be a given direction and suppose that proj, gy F' is an interval for
all g € G. Then

dimpy Vo F = dimp VpF = 1.

In particular, if each S; is a homothety so that G is the trivial group, we only need
projgF' to be an interval for the direction 6 of the projection under consideration.

3. PrROOFS

We may assume throughout that F' is not a subset of a straight line. Write
{r;}}¥., for the contraction ratios of {S;}, and let ryy, = min; 7; and 7y, =
max; ;. We index sets in the construction of F' and the points in F' in the usual
way. We write X*° to denote the sequence space defined by

¥ = {(t1,12,43,...) : 1 <i; < N for all j}
and X¥ to denote the corresponding sequences of length k:

SF = {(i1,d, ... ig) 1 1 <i; < Nforall j=1,... k},

E:UEk

keN

and

for the set of all finite sequences.

For i = (i1,...,ix) € XF we write H; = S;(H) = S;, o-+-0S;, (H), so that
{H;};cxr are the kth-level sets in the usual construction of F' from the iterated
images of H. Then the map z : ¥ — F,

(i, in,ig, .. ) =[] Siy 00 Sy (H),
k=1

is surjective but not necessarily bijective.

Lemma 3.1. For all i € X and all directions 0,

N

(3.1) projyH; = proj, U H;;.
j=1

Proof. Since projyF' is an interval,

N N
projoH = projgF' = projg U S;F C projg U S;H C projyH,
j=1 j=1

taking the closure of ([2.2). Taking similar images under S; gives (B1]). O

In particular, Lemma [B.J] means that once a point € F is ‘obscured’ when
viewed from the direction 6 by some set H;, it can never become ‘visible’ at a later
stage in the construction and hence cannot belong to Vy F'.

We now introduce the notion of (k, #)-visibility to indicate which kth level sets
are visible from the direction 6.
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THE VISIBLE PART OF PLANE SELF-SIMILAR SETS 5

Definition 3.2. Let i = (i1, 1o,...,4x) € X* and let 0 be a direction. The kth-level
set H; is (k, 0)-visible if there exists a point « € H; such that

(x+1g) N UH—{.’L‘}

jeXk
For k =0,1,2,... define V}f = {i € =% : H; is (k,0)-visible}.

The sets indexed by Vek provide covers for the VyF which will eventually give
the upper bounds for the dimensions.

Lemma 3.3. For all 6,

(3.2) VoF C ﬁ U H

k=1 L'GV@"

Proof. For each k, if z € Uiezk\vek H; for some k, it follows using Definition 3.2
and applying Lemma Bl repeatedly that x ¢ VyF. O

The following lemma relates the visibility of the H; to the visibility of their
inverse iterates.

Lemma 3.4. Let 61 be a direction, let k € N and let i = (i1,...,i) € S*. If H;
is (k,01)-visible, then S;lle- is (k — 1, 09)-visible, where 05 is the direction of the
half-line S; "o, .

Proof. Let i = (i1,...,ir) € ¥ and suppose that H; is (k, 6)-visible. By definition
there exists a point € H; such that

(@+1)n | Hj = {z}.

jESk

Suppose
€(Slz+le,)n |J H;
jeSk—1
Then
Siy € (z+1p,)N U
jESk
so S;,y =« and
yzsijleS;IHi
satisfies

(y+i)n |J H;={yk

iegk—l

hence S; 'H; = H; is (k — 1, 6,)-visible. O

2, 0ylk

For every line L in the plane and € > 0, let L, = {z € R? : dist(z, L) < ¢} be
the infinite strip centered on L and of width 2e. The following lemma bounds the
number of components {S;(H)} that overlap such strips.
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Lemma 3.5. Let the convex set H contain a disc of radius a1 and be contained in
a disc of radius as. For all € > 0 let

(3.3) g(e) = LHICe + darTman)

7T(alrmin)Q
where |H| is the diameter of H. Then for all lines L, the strip L. intersects at most
q(e) of the sets {S;(H):1<i< N}.

)

Proof. Since the {S;} are similarity transformations, each S;(H) contains a disc of
radius a17; > a17min and is contained in a disc of radius asr; < agrmax. If the strip
L. intersects S;(H), then S;(H) C Let2ayr,,.,.. Thus if L. intersects g of the sets
{S;(H) : 1 <i< N}, then, by comparing the areas of L. N H with the areas of the
disjoint discs contained in each S;(H),

qw(alrmin)2 < |H|(2€ + 4a2rmax)- O

We now estimate the number of sets H; that are (k,#)-visible from intervals I
of lengths |I| = a contained in the linear space IIy. For each k € N, a > 0 and
direction 6, let

Ny(k,a) =  sup #{g’ € ¥* : there exists = € H; such that
ICIle:|I|=a -

(x+1p)N U H; = {z} and projyz € I}
jexk

and set

(3.4) N(k,a) = su;p Ny(k,a).

The following lemma gives an upper bound on the growth of N(k,a) with k.
Although we will ultimately only apply this result in the case a = |projy,H|, the
inductive argument requires that we estimate N (k,a) for all a > 0.

Lemma 3.6. For all € > 0 there exists a constant ¢ such that

(3.5) N(k,a) = sup Ny(k,a) < c(1 + Ne ‘ka)\(e)F

for all a > 0 and all k € N, where

(3.6) Ae) = max{q(e), 71y, }-

Proof. Fix e > 0. We will proceed by induction on k. Note that (X)) is trivially
true when k = 1 by taking a sufficiently large ¢. Assume ([B3) for k¥ — 1 for some
k > 2. We will show that (3.3]) holds for & by considering two cases.

Case 1: a < e. Fix 0 and let I C Il be an interval of length a < €. By
Lemma [3.5] no more than ¢(e) first level sets contribute to Ng(1, a). Denote these
sets by Sy, (H),...,Si,.,(H) and suppose that the lengths of the orthogonal pro-
jections of the visible part of each of these sets onto Ily are a;,,...,a;,,, with
ai, + - +ai, ., = a. By transforming these first level sets back to H under S ! for
each j and scaling everything accordingly, we see that the number of kth level sets
that are visible in direction 6 from [ is no more than the sum of the numbers of

(k—1)th level sets visible from intervals of lengths a;, /7;; < a/rmin in directions 6;,
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the direction of the half-line S; 15, using Lemma 34l Thus applying the inductive
assumption,

(e

Q
~—

Ng(k, a)

IN

Ng.v(k— 1,(lij/7‘ij)

¥

— =

(e

Q.

(]

sup No/(k — 1, a4, /73;)
9/

j=1
q(e) a
< & k—1
< Zc(l—i—Ns (k 1)”.)/\(6)
j=1 7
_ k—1
< c(q + Ne ' (k 1)Tmin>)\(€)
< c(l+Ne 'k —1)a)\(e)”
< (1 + Netka)A(e)F.

Taking the supremum over 6 gives ([3.5) when a < e.

Case 2: a > e. Fix 6 and let I C Ily be an interval of length a > e. Then
no more than N first level sets contribute to Ng(1,a). Denote these sets by
Si (H),...,S;.(H), where s < N, and suppose that the lengths of the orthogo-
nal projections of the visible part of each of these sets onto 1y are a;,,...,a;,
with a;, + - + a;, = a. Transforming these first level sets back to H and scaling
everything accordingly we have, as in Case 1,

No(k,a) < " No, (k—1,a;/ri,)

< Zsup Nor(k —1,a4;/ri;)

=17

u a;.

< “1/p 1y Es k—1
< Zc(l + Ne " (k 1)”‘ ))\(e)

_7:1 J
< c(s +Ne (k- 1) ))\(e)k_l

Tmin
< ¢(Neta+ Ne ' (k—1)a)A(e)* since 1 < ¢ 'a
< (14 Netka)\(e)*.
Taking the supremum over 0 gives (B3] when a > e. O

Thus the asymptotic growth of N(k,a) is at most of order A(e)*. This enables
us to obtain an upper bound for the dimension of the visible sets.

Lemma 3.7. Given € > 0, for all 0,

log A(e)

—IOngaX
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8 KENNETH J. FALCONER AND JONATHAN M. FRASER

Proof. By Lemma B3] for all ¥ € N we can find a cover of V3 F by no more than
#VF = Ny(k, |projgH|) < N(k, |projyH|) sets of diameter at most |H|rk . Using
Lemma and the definition of upper box dimension,

- log N inH
TmsVoF < limsup 28 (K, [projoH|)
b o0 —log|H|rk

max

- log (c(l + N6*1k|pr0j9H|))\(e)k)
ms
B 1k:—>olcl>p - 10g|H|TII§1ax
log A(e)

- log Tmax .

O

We complete the proof of Theorem 2] by applying Lemma [B.7] to F' regarded
as the attractor of an alternative IF'S {S, : i € T}, where T} is a suitable ‘stopping’.
Proof of Theorem 21 For § > 0 define the stopping Ts by

Ts = {122121C EZ:TZ'I < Ty <5§Ti1-~-7"ik,1}-
Then the IFS {S;}ier, has F as its attractor. Taking e = ¢ and writing r; =

Tiy e Ty, for 1 = (7’.17 s 7ik)a Lemma gives
(3.7) o(5) = H1@O + dapmaxser, vg) _ [H|(20 +4020) _ oo pe

7(a1 minger, 75)? = 7(a16rmin)?

for some constant K independent of . Applying Lemma B.7 (3.6]) and 1) to the
IFS {S;}icr, we obtain

_ I
1 < dimg VyF < dmpVyF < 08 A(9)
—log(max;ery i)
< max log q(4) 7 log(min;er, r;)
—log(max;ery 1) — log(max;er, 75)
<

)

{ log 61K logd~tr i }
X

—logd —logd

log K log 7 min
g ]_ — 1 .
max{ logo’ 1 logo }

This is true for all § > 0, so
dimH V9F = dimB ‘/QF =1.

O

The proof of Theorem [2.3] is very similar to the proof of Theorem Il The
difference is found in the definition of N(k, a); instead of taking the supremum over
all directions we need only consider the set of directions {g(0) : g € G}. Hence, we

replace (34]) by
N(k,a) = max Nyg)(k, a)
g

for each k € N and a > 0, and the proof proceeds in the same way.
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FIGURE 1. Two self-similar sets with visible sets from all directions
having dimension 1

4. EXAMPLES

A large range of self-similar sets satisfy the convex open set condition and project
onto intervals in all directions and so satisfy the conditions of Theorem 2.1

Let H be a convex set and {S;}}Y, be similarities such that H is the convex
hull of Uf\;l S;(H) and such that every straight line that intersects H intersects at
least one of the S;(H) (such sets need not be connected). Then the hypotheses and
conclusion of Theorem 2] hold. In particular, if F' is a self-similar carpet so that
H is a unit square divided into n x n subsquares of side 1/n where n > 2 and the
S;(H) are a subcollection of these subsquares such that every line that intersects H
intersects at least one of the S;(H) (the S;(H) will include the four corner squares),
then we can conclude that the visible sets from all directions have dimension 1.

Many self-similar fractals constructed by the ‘initiator-generator’ procedure (see
[BL [6]) satisfy the conditions of Theorem 2] (this procedure generalises the usual
von Koch curve construction by repeated substitution of an open polygon in itself).
The generator is an open polygon K consisting of the union of a finite number
of line segments. A self-similar curve is constructed by repeatedly replacing line
segments by similar copies of K scaled so that the endpoints of K are mapped to the
ends of each of the line segments. Thus the generator codes a family of similarity
transformations {S;} that map the ends of K onto its component line segments.
Theorem [21] applies provided that the convex hull of K is mapped into itself by
these similarities with the images of the interiors disjoint. Particular instances
include the generalised von Koch curves, where the generator consists of four equal
line segments with angles —(% + «),2a, 5 + o between consecutive segments, for
some 0 < a < § (o = % gives the usual von Koch curve). Topologically more
complicated examples can easily be obtained using generators other than curves.
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