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Abstract. This paper describes some aspects of lower-hybrid wave activity in space
plasmas. Lower-hybrid waves are particularly important since they can transfer
energy efficiently between electrons and ions in a collisionless magnetized plasma.
We consider the ‘fan’ or anomalous Doppler resonance instability driven by ener-
getic electron tails and show that it is responsible for the generation of lower-hybrid
waves. We also demonstrate that observations of their intensity are sufficient to
drive the modulational instability.

It is an honor to write this paper for the special edition of the Journal of Plasma
Physics honoring Padma K. Shukla.
There is considerable interest in the role lower-hybrid waves play in plasma

heating and acceleration of charged particles in space and astrophysical plasmas.
They are also extensively used for ion heating and electron current drive in tokamak
plasmas (Karney 1977; Karney and Frisch 1978; Cairns 1991). In space plasmas,
lower-hybrid waves are easily generated through a variety of different instabilities
driven by the free energy contained in anisotropic ion distributions, such as ion
conics, ion ring distributions, cross-field electron currents, energetic electron beams
etc. It is well known that intense lower-hybrid waves are responsible for a number
of nonlinear effects including parametric instabilities and strong wave collapse
(Sotnikov et al. 1978; Robinson 1997) initiated by the modulational instability
(Bingham et al. 1991; Shapiro et al. 1995b; Bingham et al. 1996). This type of mod-
ulational instability results in large-scale density structures accompanied by intense
localized lower-hybrid wave packets. Space plasma observations have conclusively
shown the existence of intense wave activity around the lower-hybrid resonance.
They have been observed as localized structures in density cavitons and are asso-
ciated with transversely accelerated ions, as well as parallel electron acceleration
and suprathermal tail formation. Lower-hybrid waves have been associated with
the acceleration of electrons in collisionless shocks. A key dissipation mechanism in
quasi-perpendicular shocks is the ion reflection from the sharp potential rise, which
sometimes gives rise to a broad shallow foot in the magnetic profile. Clear evidence
of the foot and reflected ions was found at the earth’s bow shock by Paschmann
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et al. (1982), and computer simulations of shocks (Lembege and Dawson 1985) also
confirm the presence of ion ring distributions. Similar ion ring distributions are
found in counter-streaming plasma flows, such as in the mantle of non-magnetized
planets (Shapiro et al. 1995a; Bingham et al. 2008) and in cometary atmospheres
(Johnstone et al. 1987). They have also been suggested as being responsible for
electron heating and acceleration in solar flares (McClements et al. 1990) and su-
pernova remnants, such as PKS1209-52 (Bingham et al. 2004b). In this paper we
consider aspects associated with lower-hybrid waves in the aurora. This work is also
relevant to the studies of the magnetopause region of the magnetosphere (Trines
et al. 2005, 2007), the dayside mantle of non-magnetized planets, such as Venus,
Mars and comets (Shapiro et al. 1995a; Bingham et al. 1997; Bingham et al. 1999;
Shapiro et al. 1999).
Lower-hybrid waves are a branch of oscillation of magnetized plasmas, especially

important for space physics and astrophysics. The oscillations are sufficiently of
short wavelength kc � ωpe , i.e. wavelengths much less than the electron skin depth
c/ωpe , and are therefore mainly electrostatic in nature. They propagate almost
across the magnetic field lines, having frequency, ω, between the proton and electron
gyro frequencies ωcp � ω � ωce , where ωcp is the proton gyro frequency and ωce is
the electron gyro frequency. Due to this, electrons are strongly magnetized in these
oscillations and can experience Cerenkov resonance in wave-particle interactions
such that

ω

k‖
= v‖e , (1)

where v‖e is the electron velocity and k‖ is the wave number, both parallel to
the magnetic field. At the same time, protons in these oscillations do not feel
the presence of the magnetic field and can oscillate freely across the field lines.
The condition for wave-particle interactions in this case is Cerenkov resonance
between protons with velocity vi and waves with phase velocities perpendicular
to the magnetic field such that

ω

k⊥
= vi. (2)

Since lower-hybrid waves have k‖ � k⊥, these waves can be in simultaneous Cer-
enkov resonance with both fast electrons and slow protons transferring energy
from one component to another. This feature of the lower-hybrid waves determines
their special role in space physics. There are many space environments in which the
energy coupling between the different plasma components is carried out by lower-
hybrid waves, one such example is in the auroral plasma, in which the lower-hybrid
waves are excited by the flux of precipitating electrons and leads to strong cross-field
ion heating (Lynch et al. 1996; Lynch et al. 1999) leading to the formation of ion
conics (Chang and Coppi 1981), and ion heating (Retterer et al. 1986; Chang et al.
1988). Alternately, ion horseshoe distributions can also lead to strongly growing
lower-hybrid waves that can accelerate electrons parallel to the magnetic field
(Bingham et al. 1984; Bingham et al. 1988; Cairns et al. 1995; Bingham et al.
2001). The formation of lower-hybrid solitary structures (LHSS) are also observed
in the auroral region of space plasmas (Labelle et al. 1986; Schuck et al. 1998;
Schuck et al. 2003).
The physics of lower-hybrid waves can be explained in a simple way, they are ion

plasma oscillations in the dielectric medium with the dielectric constant created by
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the motion of the magnetized electrons. To obtain the dielectric constant we shall
start with the equation of electron motion across the magnetic field given by

me
∂ve

∂t
= −eE− e

c
ve × B. (3)

By treating the term on the left-hand side for the slow oscillations as the small
perturbation, we can write the following equation for the electron velocity

ve =
c

B2 E× B− mec
2

eB2

∂E
∂t

. (4)

The first term on the right-hand side corresponds to the incompressible E ×
B drift (∇.ve = 0, since for electrostatic oscillations ∇ × E = 0), the second
term is a small ∼ 0( ω

ωc e
) correction to the electron velocity corresponding to

the polarization drift in the direction of the electric field with ωce = eB/mec, the
electron cyclotron frequency. The corresponding density perturbation can be found
from the continuity equation

∂ne

∂t
= −nodivve =

nomec
2

eB2 div
∂E
∂t

,

or

ne =
nomec

2

eB2 divE, (5)

and then Poisson’s equation can be written as

divE = −4πe (ne − ni) ,

or

div (εeE) = 4πeni, (6)

where εe = 1+ 4πno me c2

B 2 = 1+ ω 2
p e

ω 2
c e
is the dielectric constant created by the polariza-

tion of the electron fluid, and ωpe is the electron plasma frequency (ωpe =
√

4πno e2

me
).

The frequency of the plasma oscillations in a plasma medium with dielectric con-
stant εe can be written as

ω =

(
ω2

pp + ω2
pe

k 2
‖

k 2

)
1
2

√
εe

=

(
ω2

pp + ω2
pe

k 2
‖

k 2

) 1
2

(
1 + ω 2

p e

ω 2
c e

) 1
2

, (7)

where

ωpp =

√
4πnoe2

mp

is the proton plasma frequency. In (7) we take into account that in parallel with
ion plasma oscillations electron plasma oscillations are also possible. However, since
electrons are magnetized and can move only along the field lines, their plasma fre-
quency is equal to ωpe

k‖
k . In many regions of space plasmas the condition ωpe � ωce

is usually fulfilled, then assuming k‖
k �

√
me

mp
, it is easy to verify from the above

expression for ω that the frequency of the lower-hybrid oscillations is equal to the
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geometrical mean of the electron and proton gyrofrequencies

ωlh =
√

ωceωcp . (8)

It is now widely believed that the low-frequency waves observed in the auroral
regions are lower-hybrid oscillations excited by the flux of precipitating electrons
(Maggs 1976) or ion horseshoe distributions (Cairns et al. 1995). The typical dis-
tribution function of the precipitating electrons (Ackerson and Frank 1972) are
energetic tails. There are two mechanisms by which these electrons can drive lower-
hybrid waves: (a) the “bump on tail” instability (Chang and Coppi 1981), and (b)
the “fan” instability due to the anisotropy of the electron distribution (Omelchenko
et al. 1994). The ‘fan’ instability is also known as the anomalous Doppler resonance
instability or anomalous cyclotron resonance instability. This instability is import-
ant in understanding runaway in tokamaks, and has applications in the cyclotron
maser instability (Bingham and Cairns 2001). The growth rate for these waves can
be written as

γ =
πα3ω2

ce

4nok

[
fe

(
ω + ωce

k‖

)
− fe

(
ω − ωce

k‖

)
+

2ωcek‖

k2

∂fe

∂v‖

]
, (9)

where α = 1√
1+(ω 2

p e /ω 2
c e )
. The last term in this expression describes wave excitation

due to Cerenkov resonance between electrons and waves, ω = k‖ve . In this case the
instability is possible due to the presence of the “bump” on the electron distribution
function ∂fe/∂v‖ > 0. The first two terms in the expression for the growth rate are
due to the cyclotron resonance between electrons and waves, ω − k‖ve = ±ωce .
Here “+” corresponds to the normal cyclotron resonance with waves, “−” to the
anomalous cyclotron resonance. Since fe

(
v‖

)
→ 0 for v‖ < 0, the input from the

first term (anomalous cyclotron resonance) is dominant leading to instability.
From the consideration of the electron distribution functions that form asym-

metric high-energy tails, it follows that the free energy source for wave excitation
by cyclotron resonance is essentially more significant than by Cerenkov resonance.
In the latter case the driver for the instability is only a “bump” on the velocity
distribution, while in the case of the cyclotron resonance, the instability can be
driven by the energetic tail of the electron distribution function.
It is easy to follow the evolution of the electron distribution due to the instability

driven by cyclotron resonance. For this purpose it is convenient to use the quantum
mechanical analogy: Electron energy in the transverse motion is quantized with
the energy difference between levels equal to �ωce . Then the change in transverse
energy as a result of the transition between levels can be represented as

mev⊥Δv⊥ = n�ωce , (10)

where n is integer. Positive value of n = +1 corresponds to the case where, due
to wave excitation, the transverse energy increases (the energy source is in the
longitudinal motion — anomalous cyclotron resonance). Negative value n = −1
corresponds to the normal cyclotron resonance, when the energy source for wave
excitation is in the transverse motion. Using the condition for cyclotron resonance
k‖v‖ = ω −nωce , it is possible to rewrite the rate of change of the transverse energy
to the rate of change of the longitudinal energy in the following way,

mev⊥Δv⊥
mev‖Δv‖

= −1 +
ω

k‖v‖
, (11)
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where we also used the momentum conservation law

meΔv‖ = �k‖.

Integrating (11) we can write the following equation for the particle trajector-
ies along which they move (diffusion lines) interacting with waves satisfying the
condition of cyclotron resonance

w = v2
⊥ + v2

‖ − 2
∫

ω

k‖
dv‖ = const. (12)

Since the frequency of lower-hybrid waves satisfy ω � ωce , the last term in (12) is
small, and the diffusion lines are close to circles in velocity space. Due to the pitch
angle diffusion created by waves the initial field-aligned distribution of the pre-
cipitating electrons opens like a fan (the origin of the term fan instability for the
instability under consideration). This fan instability does not require an electron
beam or positive slope in the electron distribution function, but only an asymmetric
high-energy tail on one side of the distribution function.
The self-consistent quasilinear system of equations describing wave excitation

with the evolution of the electron distribution can be written as (Omelchenko et al.
1994)

∂|Ek |2
∂t

=
4π2e2

mek‖|k‖|
ω3

ω2
pe

∫
dv⊥J2

1

(
k⊥v⊥
ωce

)
∂fe

∂v‖
|Ek |2 , (13)

∂fe

∂t
=

e2

2πm2
e

∂

∂v‖

∫
dk⊥|Ek |2

k2
‖

k2

J2
1

(
k⊥v⊥
ωc e

)
|v‖ − ∂ω

∂k‖
|(ω+ωc e =k‖v‖)

∂fe

∂v‖
, (14)

with

ω + ωce = k‖v‖.

The derivatives over v‖ on the right-hand side of these equations are calculated
along the diffusion lines, w = constant, and |Ek |2 is the spectral density of the
square of the wave electric field.
Pitch angle diffusion by waves results in the formation of a “plateau” along the

diffusion lines w = const., fe = fe(w). The height of the plateau can be found from
the conservation of the number of particles diffusing along these lines

f∞
e =

1√
w

∫ √
w

v1

dv‖f
o
(
w − v2

‖ , v‖

)
, (15)

where v1 is the minimum value of the resonant phase velocity on the diffusion line
corresponding to the wave propagation along the magnetic field v1 = ωc e

k (1 + α).
For the initial plateau-like distribution of the precipitating electrons in v‖,

fe

(
v‖

)
=

{
nT e

vo
, for 0< v‖ <vo

0, for v‖ < 0, v‖ <vo.

The final distribution has the form

f∞
e (w) =

nT e√
w
for w < v2

o ,

and

f∞
e (w) = 0 for w > v2

o . (16)
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Assuming that the electric field spectral density is monochromatic in k⊥(|Ek |2 ∼
δ(k⊥ − ko)), it is possible to write the energy integral of the quasi linear (13) and
(14) expressing the electric field spectral density through the change of the electron
distribution function as

|Ek |2 =
16π4α3meω

4
ce

ω2
pek

4
o

sin3 θδ (k⊥ − ko)
∫ v‖(θ)

v1

dv‖

∫ ∞

o

v⊥dv⊥
[
f∞

e (w) − fo
e

(
v⊥, v‖

)]
,

(17)
using the resonance condition ω − k‖v‖ = −ωce and the dispersion equation for
k‖
k >

√
me

mp
, as ω = ωceα

k‖
k , it is easy to express the resonant velocity v‖(θ) through

the propagation angle θ as

v‖(θ) =
ωce

ko

(
α +

1
cos θ

)
, cos θ =

k‖

k
.

Assuming that the precipitating electrons initially had a plateau-like distribution
in v‖, defined by (16), it is easy to evaluate the spectral density of the wave electric
field

|Ek |2 =
8π3α3nT emeω

4
ce

ω2
pek

4
oΓ

δ (k⊥ − ko) (1 − cos θ)
sin3 θ

cos3 θ

n

(
Γ − 1 − α

1 − cos θ
cos θ

)
, (18)

where the notation Γ = ko vo

ωc e
= vo

v1
(1 + α) � 1 is used. The cutoff of the velocity

distribution (16) at its upper boundary leads to the cutoff of the spectral density
from the side of the smaller cos θ (or ω). The minimum value of cos θ = α ω

ωc e
for the

excited waves is defined by the relation cos θo = 1
Γ−α . For all reasonable values of

Γ (Γ ≥ 10) the maximum of |Ek |2 is such that the frequency corresponding to that
maximum shifts into the region ω ≤ 0.1αωce closer to the lower-hybrid frequency
(Omelchenko et al. 1994). Therefore the maximum of the wave spectrum must be in
the frequency interval ω ≤ 0.1αωce closer to the lower-hybrid waves. To compare
analytical results with the auroral observations from Alouette 2 (Barrington et al.
1971), we calculated the spectral density of the power flux

F (ω) =
∫

dk⊥k⊥
2π

∂ω

∂k‖

|Ek |2
4π

(
1 +

ω2
pe

ω2
ce

)
=

∫
dk⊥ω

|Ek |2
8π2

(
1 +

ω2
pe

ω2
ce

)2

. (19)

We used two types of initial velocity distributions for the precipitating electrons:
a power-like distribution

fe

(
v‖

)
=

nT evo

v2
‖

,

and a plateau-like distribution determined by (16). Results of the analytical calcu-
lations agree well with the observations of Barrington et al. (1971). In spite of the
fact that analytical results depend on the form of the initial electron distribution
agreement between them and the observations is good. Calculating the total wave
energy density excited by themechanism of the fan instability in the auroral regions
and comparing with the electron energy density, we have

Wwave =
ω2

pe

ω2
ce

∑ |Ek |2
4π

≈ v1

vo
We, (20)
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where We =
∫ me v 2

‖
2 fe

(
v‖

)
dv‖ is the electron energy density. Appearance of the

small factor v1
vo
on the right-hand side of (20) reflects the fact that the electron

diffusion lines are close to circles, and the energy change on them is small ∼ ω
ωc e
.

The wave energy determined from (20) corresponds to the amplitude of the electric
fieldE ∼ (100 − 300) mV

m for reasonable values of the energy flux of the precipitated
electrons J ∼ (3 − 30) erg

cm 2 sec. . Such values of electric field in the lower-hybrid
oscillations have been usually observed in the auroral ionosphere (Kintner et al.
1992), and they are definitely above the threshold for the modulational instability
of lower-hybrid waves derived by Shapiro et al. (1995b).
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