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Abstract

LetG be a group, and let 〈A |R〉 be a finite group presentation forGwith |R| > |A|.
Then there exists a finite semigroup presentation 〈B | Q〉 for G such that |Q| −
|B| = |R| − |A|. Moreover, B is either the same generating set or else it contains one
additional generator.

1. Introduction

The relationships between group and semigroup presentations have been studied
for a number of years. For example, Conway [8], in the solution to his problem
regarding the Fibonacci group F (2, 5), defined by 〈a, b, c, d, e | ab = c, bc = d, cd = e,
de = a, ea = b〉, remarks that the semigroup defined by this presentation is also
F (2, 5). This led to a more detailed study of Fibonacci groups and semigroups in [6].
Adian [1] initiated the investigation of conditions under which a semigroup S can
be embedded into a group G defined by the same presentation; see also [10]. A dual
question as to when S contains G as a subsemigroup was considered in [7]. Finally,
recent developments in computational group theory based on the use of rewriting
systems, as well as the theory of automatic groups, rely on considering semigroup
generating sets and presentations for groups; see [9, 18].

Another classical topic in combinatorial group theory is that of minimal and effi-
cient presentations; see [5, 12, 13, 16, 19]. For semigroups, Neumann [15] remarks
that it is easy to construct finite semigroups defined by n (independent) generators
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and n relations, and a more comprehensive study of minimality and efficiency was
started in [2]. One of the recurring themes of this work is the comparison of group
and semigroup presentations for a given group. The purpose of this paper is to prove
a general result which, in effect, says that semigroup and group presentations are
equally powerful for defining all finite groups (and many infinite ones). In order to
state this result precisely we need to introduce some technical concepts and notation.

A (semigroup or group) presentation is a pair 〈A | R〉 of formal generators and
relations. Relations are expressions of the form u = v where, in the case of semi-
group presentations, u and v are non-empty words over A, and in the case of group
presentations they are (possibly empty) words over A xA−1. Every semigroup pre-
sentation 〈A | R〉 defines a semigroup; it can be conveniently thought of as the set of
all non-empty words over A, with two words being equal if and only if one can be ob-
tained from the other by applying relations from R. Similarly, a group presentation
〈A | R〉 defines the group consisting of all words over AxA−1 with two words being
equal if and only if one can be obtained from the other by applying relations from
R and aa−1 = a−1a = 1 (a ∈ A). Intuitively, a semigroup presentation for a group
defines that group without using inverses and any consequences of their existence
(such as cancellation). For basic facts about semigroup and group presentations see
any standard introductory texts on semigroups and groups, such as [11, 17].

Main Theorem. If 〈A | R〉 is a finite presentation for a group G such that |R| > |A|,
then there exists a semigroup presentation 〈B | Q〉 which also defines G and satisfies
|Q| − |B| = |R| − |A|.

The number |R| − |A| for a finite (semigroup or group) presentation P = 〈A | R〉
is called the deficiency of P and is denoted by def(P). (This definition follows [2] and
[13]; some more classical sources such as [14] use |A|− |R|.) The semigroup deficiency
defS(S) of a finitely presented semigroup S and the group deficiency defG(G) of a
finitely presented group G are defined as

defS(S) = min{def(P) | P is a finite semigroup presentation for S}
defG(G) = min{def(P) | P is a finite group presentation for G}.

Universal considerations show that every semigroup presentation for a group G is
also a group presentation forG. Therefore, for every finitely presented group we have
defG(G) 6 defS(G). It is easy to see that strict inequality holds for every group G
with defG(G) < 0. Indeed, if 〈A | R〉 is a semigroup presentation for a group G then
R must contain relations of the form a = v for all a ∈ A, and hence defS(G) > 0.
With this in mind, our Main Theorem can be restated as follows:

Main Theorem. Let G be a finitely presented group. If defG(G) > 0 (in particular if
G is finite) then defS(G) = defG(G). Otherwise if defG(G) < 0 then defS(G) > defG(G).

In fact, we prove more: given a group presentation of non-negative deficiency
defining a group G, we show how to construct a semigroup presentation for G of the
same deficiency, either on the same generating set (Proposition 2·4) or on the same
generating set plus one additional generator (Proposition 2·5).
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2. Proof of the Main Theorem

We prove the main theorem in two steps. First, we find a family of semigroup
presentations which define groups, and then show how to transform a group presen-
tation of non-negative deficiency defining a given group G into a semigroup presen-
tation from this family which has the same deficiency and also defines G. The first
step is accomplished in the following:

Proposition 2·1. The semigroup presentation

P = 〈a1, a2, . . . , an | a1 = a2β1a2a1, a2 = a3β2a3, a3 = a4β3a4, . . . , an = a1βna1, R〉,
where n > 1, β1, β2, . . . , βn are arbitrary words over {a1, a2, . . . , an} and R is an arbi-
trary set of relations, defines a group.

Remark 2·2. For n = 1 the above presentation is taken to be of the form 〈a | ak =
a,R〉 (k > 2), i.e. it is a semigroup presentation for a finite cyclic group.

In the proof it will be convenient to make use of Green’s relations R and L on a
semigroup S. Recall that for s, t ∈ S we write sRt if s ∈ tS x {t} and t ∈ sS x {s}.
The relation L is defined dually. It is well known that semigroup is a group if and
only if it has a unique R-class and a unique L-class. For further details see [11].

Lemma 2·3. Let S be a non-monogenic semigroup and let A be a generating set for S.
(i) If abRa (respectively abLb) for all a, b ∈ A then awRa (respectively wbLb) for

all a ∈ A and w ∈ S.
(ii) If for any a, b ∈ A there exists s ∈ S such that as = b (respectively sa = b) then

S has only one R-class (respectively L-class).

Proof. (i) The assertion follows by a straightforward induction on the length of w
as a product of generators from A; see also [6, lemma 2·5].

(ii) By assumption there exist u ∈ S such that a = au. If u = c1c2 · · · ck (k 6 1,
ci ∈ A) then write c1 = bv so that a = au = abvc2 · · · ck. Therefore a ∈ abS and since
obviously ab ∈ aS it follows that aRab. The assertion now follows from (i).

Proof of Proposition 2·1. Let S denote the semigroup defined by the presentation
P and let A = {a1, a2, . . . , an}. We prove the proposition by showing that S has a
single R-class and a single L-class. From the first n relations in P we see that for
every i = 1, . . . , n there exists a word ui such that ai−1 = aiui (we reduce subscripts
modulo n, if necessary, so that for i = 1, we have an = a1u1). But then, for ai, aj ∈ A
we have ai = ajujuj−1 · · ·ui+1, and it follows from Lemma 2·3(ii) that S has only one
R-class. In other words, S is right simple. Note that

(a2β1a2)aj = a2β1a2a1u1un · · ·uj+1 = a1u1un · · ·uj+1 = a1

for j = 1, . . . , n. But then

aj = a2β1a2aj = a2β1a3β2a3aj = · · · = (a2β1a3β2 · · ·βi−2aiβi−1)aiaj ,

and so aiajLaj for any ai, aj ∈ A. We have not yet shown that aiLaj but from
Lemma 2·3(i) it follows that there are only finitely many L-classes in S. We see
that S is a completely simple right simple semigroup. From the proof of the Rees–
Suschkewitsch theorem, we have that S % G × Z, where G is a group and Z is
a right zero semigroup, see [11, theorems 3·2·3, 3·3·1 and exercises 2·6·6, 3·8·11].
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Now Z is a natural homomorphic image of S, and is defined by

〈a1, a2, . . . , an | a1 = a2β1a2a1, a2 = a3β2a3,

a3 = a4β3a4, . . . , an = a1βna1, R, aiaj = aj (1 6 i, j 6 n)〉.
But this is clearly equivalent to

〈a1, a2, . . . , an | a2
1 = a1 = a2 = · · · = an〉;

in other words Z is trivial. This implies that S is a group, as required.

Our next result shows how to transform a group presentation, satisfying certain
conditions, into a semigroup presentation defining the same group, over the same
generating set and with the same deficiency.

Proposition 2·4. Let G be the group defined by the finite group presentation P =
〈A | R〉 where |R| > |A| and let A be a semigroup generating set for G. In addition,
assume thatR contains a relation of the form E = 1, where E is a word which contains no
inverses of generators, but which contains every generator at least once, and also contains
the square of at least one generator. Then G has a semigroup presentation 〈A | Q〉 with
|Q| = |R|.

Proof. Let A = {a1, a2, . . . , an} and without loss of generality let R = {E = 1, u2 =
1, . . . , un = 1, R′}. Also without loss of generality assume that E contains a sub-
word a2

2. For i = 1, . . . , n let E(l)
i (respectively E(r)

i ) denote the cyclic permutation of
E beginning (respectively ending) with ai. Let E(t)

2 denote the permutation of E be-
ginning and ending with a2. We replace the relation E = 1 by the relation E(t)

2 a1 = a1

and each of the relations ui = 1 by E(l)
i+1uiaiE

(r)
i+1 = ai. This gives the presentation

P′ = 〈a1, a2, . . . , an | E(t)
2 a1 = a1, E

(l)
3 u2a2E

(r)
3 = a2, E

(l)
4 u3a3E

(r)
4 = a3, . . . ,

E(l)
n un−1an−1E

(r)
n = an−1, E

(l)
1 unanE

(r)
1 = an, R

′′〉,
where R′′ is obtained from R′ by replacing every occurrence of an inverse by a word
that contains no inverses and every occurrence of the empty words by E. More
precisely, we replace a−1

i by E(r)
i a
−1
i , which contains no inverses since the last two

letters cancel. Obviously, P′ as a group presentation still defines G. On the other
hand, P′ contains no inverses, i.e. it is a semigroup presentation. Moreover, it has
the form given in Proposition 2·1, and hence the semigroup defined by it is a group,
which is then necessarily isomorphic to G.

If our starting group presentation does not contain a relation E = 1, where E is
as above, we can still transform it into one that does, by adding one generator and
one relation.

Proposition 2·5. Let P = 〈a1, a2, . . . , an | R〉 be a group presentation of non-
negative deficiency which defines a group G. Then G has a semigroup presentation
Q = 〈a1, a2, . . . , an, b | Q〉 such that def(Q) = def(P) and b represents the product
a−2
n a−1

n−1 · · · a−1
1 .

Proof. We obtain a new group presentation by adding the generator b and the
relation a1a2 · · · an−1a

2
nb = 1 to the presentation P. Note that the set {a1, a2, . . . , an, b}
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is a semigroup generating set forG. This new presentation clearly definesG and satis-
fies the conditions of Proposition 2·4. Hence we may find the semigroup presentation
Q using Proposition 2·4, as required.

Note that every finite group G has non-negative deficiency, and that every group
generating set for G is also a semigroup generating set. However, it is not known
whether, given a group presentation 〈A | R〉 for G, one can always find a semigroup
presentation for G on the same generating set and of the same deficiency. In particu-
lar, it is not known whether there is a group presentation for G on the generators A,
having the same deficiency as 〈A | R〉 and containing a relation E = 1 of the form
described in Proposition 2·4.

3. Examples

In [2, 3, 4], efficient semigroup presentations for various groups are found. The
groups considered include the finite abelian groups, dihedral groups, (projective)
special linear groups and wreath products. In fact, our Main Theorem implies that
a finite group is efficient as a group if and only if it is efficient as a semigroup. Here
we illustrate constructions described in Propositions 2·4 and 2·5 by giving two new
examples: the wreath products Cn oCm (n odd, m even) of two cyclic groups and the
projective special unitary group PSU (3, 3)

Example 3·1. An efficient group presentation for Cn o Cm with n odd and m even
is

〈a1, a2 | an1 am2 = 1, (a1a
m/2
2 )2 = a

m/2
2 a1a

−m/2
2 a1, [a1, a

−i
2 a1a

i
2] = 1 (1 6 i 6 (m−2)/2)〉;

see [3] for details. Observe that this presentation satisfies the conditions in Propos-
tion 2·4; more precisely the relation an1 a

m
2 = 1 contains no inverses, contains both

generators and contains the square of a generator. We define E ≡ an1 a
m
2 and take

E(l)
1 ≡ E(r)

2 ≡ E, E(t)
2 ≡ E(l)

2 ≡ a2a
n
1 a

m−1
2 and E(r)

1 ≡ an−1
1 am2 a1. Using the prescription

in Proposition 2·4 we find the semigroup presentation

〈a1, a2 | a2a
n
1 a

m−1
2 a1 = a1, a

n
1 a

m
2 a

n−1
1 a

m/2
2 (am2 a

n−1
1 )2(a1a

m/2
2 )3a2a

n−1
1 am2 a1 = a2,

an−1
1 am2 a

n
1 a

m−i
2 an−1

1 am+i
2 an+i

1 am−i2 a1a
i
2 = an1 a

m
2 (1 6 i 6 (m− 2)/2)〉

that defines Cn o Cm.

Example 3·2. An efficient group presentation for PSU (3, 3) is

〈a1, a2 | a3
1a2a

3
1 = a2

2, (a2a1)2a2
2a
−1
1 a−3

2 a1a
−1
2 a−3

1 = 1〉;
see [12]. Since we have no relation of the type given in Proposition 2·4 we have to
add a new generator b representing a−2

2 a−1
1 . Also we add the relation a1a

2
2b = 1 which

satisfies Proposition 2·4; we now proceed as in Example 3·1. This gives the semigroup
presentation

〈a1, a2, b | a2ba1a2a1 = a1, ba1a
2
2a

3
1a2a

3
1ba1a2a1a

2
2b = a2,

a1a
2
2b(a2a1)2a4

2b(a2ba1)3a1a2ba1(a2
2b)

3ba2
2ba1 = b〉

for PSU (3, 3).
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